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A familly of moment-conserving advection schemes in 1-D was introduced by van Loer in
the mid 1970s. Of these, MUSCL advection is the best hnown.  That advection scheme
represents the advectod function, which we will call a , by a linoar function within cach grid coll
The linoar function is dotormined by the values of the first two moments of this density distribution
within the colll namely the mass and the center of mass of the cll. Loth these moments are
updated by the scheme in a process that is equivalont to projecting the detaild advected flnction
affer cach time stop onto the subspace of piocewise linoar functions (using a weighting function that
troats cvery point within each coll as equallly important). In this sense, the WMIUSCL advection
scheme is similar to & Galovhin finite oloment mothod (without the constraint that the resulling
representation of the function should b continuous).  Schemes of this type have much luter boon
callod discontinwous Galorkin methods, with Godunov's method and MUSCL the forst two
schemes introduced 0/ this L‘Wae. WUSCJ is aéa eaaenl‘ia//y a Apecfra/ e/ement mel‘/wa/, using
within each grid coll onlly the first 2 terms in a spectral expansion of the advected function in
Logendre polynomials. Van Loor demonstratod that, for linear advection in 1-2D, the resulling
scheme was formally second-order accurate, but it caused ervor to accumulute only at the rate of a
third-order accurate scheme.

_/4 next meméw’ n L%L'd /ami/y o/ / —:Z) aaluecfion éc/wmeé was inl‘raa/ucea/ Ag van ofeer' f/mt
j /afer genera/izea/ to 2—:2) aa/uecﬁon woréing wilf/L %cé W/Life in If/w ea;ﬂ/y 1980s. M/e wi//
ca// f/ml‘ dc/zeme /9/9 /.?, /or /9 iecewide-/g aruéo/ic go/ézmann melf/zm!, dince f/Le origina/ use j



infemlec[ was /or a numem'ca/ treatment 0/ f/Le /_gogfzmann e%uaﬁon n Je(/era/ /4 or 6/ a,/imendioné.
jn / -:b, If/u':i /9 /9 ﬂf? dc/wme faéed 3 terms in If/w o[)e entlre expansion o L‘/Le c[endilf a/iolfriéufion
9 P Yy

wif/zin eac/L gm'J ce//i anz[ it conserves exaclf/y I%e /irdf 3 moments o/ l‘/ml‘ ([idfriéulfion, l‘/uz mads, f/w
center 0/ mass, ana/ f/Le moment 0/ inerlia. _/dlé%oug/L it is /orma//y f/tiral—ora/er accurale, in /act
error accumu/alfed al I,‘/Le dma//er rate o/ a /i%f/z—omler accurale dc/wme, as was :S/LOM/I’I, origina//y éy
van o[)eer. M/e can L%,L'I’Lé 0/ If/u'é dc/wme as uéing L%e éedlf /if paraéo/a to a/e:icm'ée f/Le Jendilfg;
(lidfriéufion wif/u'n eac/z gm'(l ce/z j/w 5c/Leme s imp/emenfec/ r'af/wr eadi/g in 1 -:23, an(l wif/L
dome c{i//écu/@ in 2—:23. _/45 a /wacf[ca/ matter, its accuracy i3, in comparison to more 5L‘anJarc[
mef/wald /iée /9/9 m 5£mp/y p/zenomenu/i' Aaweuer, a manageaé/e, camb'ainea/ /a:i n f/Le sende o/
manofom'cify or dimi/ar‘ conce/)fé/ iml)/emenlfaﬁon o/ f/Le Ac/Leme %)r use in mu%fia/imen:iiona/
/Lg(lronnamicu/ dc/teme:i /mé éeen e/uoiue. j/u'd paper preéenfd auc/z a /ormu/afion.

A boy concept in mahing an implementation of the PIS aduection scheme practical is the
decomposition of the advection operation not onlly into a symmetrized series of 1-2D) passes but atho
into a sequence of similar operations within each 1-2D pass. he 2-2D implomentation described
in my 1982 and 1986 papers employs 1-2D passes, but it is extromely complicated - s0
complicated that extensions to higher dimensions were never carviod out.  Mat 1-D operator
inc/uo/ea/ the a/el,‘ai/ea/ e//écl‘é o/ the transverse shear 0/ cach gricj ce//i which mahes cach 1 -iZ) pass
of foctively mulli-dimensional. In 22D the work involved is just manageable, but in 3-2D, lot
alone in a 6-D phase space, the work is prohibitive. _About 10 yoars ago, in an attempt to
simplify the 2-2D PP scheme enough so that it could be taught to undergraduate students, I
oliminated the treatment of shear in cach of its 1-2D passes. There remains a 2-2D agpect to
cach 0/ these Aimp/i/iea/ /—iZ) passes, bocause 0/ course the y-moments in cach ce// must be
updated. I buill cach 1-2D pass in 222D out of 3 successive applications of the same 1-2D
PPE aduection operator, first for the x-distribution of a , averaged over the y-coordinate (the
coroth y-moment), second for the x-distribution of the first y-moment, and finally for the x-
distribution of the second y-moment. Mhis simplified advection scheme, reforred to in this study

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd

10/9/02



Aimp/?f as /9 /9 /f?, glves Aurpm'ding/y gooc[ redu/f:i eueryw/wre éuf very near f/Le centers 0/ vorlices,
w/Lere L%e A/Lear L‘/Lalf IZs negéchetl wilf/tin f/Le ce/Zs is most imporfanf. gt/en wif/t If/LiA //uw, redu/é‘d

are exfreme/g gooa[, dince f/Le cenlers o/ vortices are Z)calfiond w/zere numem'ca/ (ﬁ//udion i3

unavoidable, and this incvitable diffusion covers over the fuilings of the difference scheme. In the
summer of 2002, I fived this small fuiling of the simplified scheme by dovising a tochnique of
iplitting cach strip of grid colls into a top and bottom hallstrip, aduecting each of these
independently with the PP scheme, and then recombining these top and bottom halves to produce
a resull in which the noticoable offocts of the carlior scheme s ignoring grid coll shoar are alimost
entirelly removed.  Mhis new scheme is here reforred to as PPBshear. The cost of its additional
computational lebor is roughlly a factor of 2.5, but the benaflt is noticeablly increased accuracy.

j/Le origina/ Q-:b /9/9 /.? dc/wme (!idcud:sez! n my 1982 ana/ 1986 arlficézd conderuec[ 9

moments o/ f/w o[endify clidfriéulfion, a, wif/u'n eac/t ce// to mac/zine rourw/—o// accuracy. j/wde
momenls can ée udec[ to um'%ue/y c[efermine f/Le 9 interpa/utian /Jo/ynomia/ cae//icienfd n L‘/Lg
/0//owing re/wedenfuﬁon o/ a wif/u'n f/Le gm'a/ ce//:

~ o~ ~ ~2 ~ ~— ~2~ ~2 ~2 ~2m2
a(x,y) = ayg + apX + ayX" + ayy + apxXy + ayX°y + apy’ 4+ apxXy’ + apx’y

ﬂere we o{e/éne ce/ZcenL‘ric dcaézJ coorc[inafed via:

X (x—x,)/ Ax

y = (y-yy)/ Ay

j/ze 9 momenfd upz[alfec] é% f/ze cu!l/ecllion :SC/Leme are a/e/inecl é% t/ie /o//owing e%uaﬁon:
<a)~ck)7’> = j fj &y a(x,y) X"y’

W/Lere f/Le infegem A amz/ / eacA range /éom 0 b 2. 7/{/2 can ea:ji/y %nJ a//t/w momenls in
terms o/ If/Le po/ynomia/ coe//lcienl‘é Ay uding If/ze re/alfiom/tipd:

j/sz - /2

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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j//’?% = %o
Thas we find:
(aX) = a,/12 + a,/144
(a¥) = ay/12 + a, /144
(aX¥) = a, /144

(aX*) = (aw/3 + ay/20 + a,/36 + a,/240)/ 4

(

(a¥°F) = (ay/3 + a,/20)/ 48

(a%57) = (/3 + a,/20)/ 48

(aX57) = (/9 + (ay+a,)/60 + a,,/400) / 16
<a> = a, + ((ay+ay,)+ a,/12) /12

M/e can invert L%ede re/alfiond/d/od n omler to oélfain f/w po/?fnomia/ coe//icienfé %ﬂom f/Le momenls:

a, = 144(a%y)

/ng_/dzluecﬁon M/Et/u'n, /me gad :Z)Wtumicd
10/9/02



a, = 225(a%’) + 405(a3’) - (a) — 2700(a%X’5")

,/4// If/Lede ormu/ae are z[em'uea/ ana/ ox /ainec] u// n anolf/zer c[ocumenlf. jn om!er to
P A
conslrain L‘/Liﬁ inl‘eryao/alfion po@nomia/ n f/ze 5/9£rilf o/ L‘/L@ monolfonicil‘y concepf impézmentefl n van

ofeer'; WUSCO[) écAeme or in /9 /9 m we neea/ to re/afe f/w 0/ nomia/ coefficients anaVor' f/w
Pty
9 moments to 9 of/Ler nantities, L‘/Le ot/era// ce// average of a, If/Le averages of a alon If/ze 4
1 7 7 7
ce//ezlged, am[ L‘/Le l/a/uea o/ a at f/Le 4 ce//cornem:

1 1
<a> = g +—| ay +ay, +Ea22

12
1 1
<aL> = | Yoo +Ea02 Y o +Ea12 + n Ay T+ dy
1 1 1
<aR> = | 400 +anz + 5 ay +Ea12 + 2 s +12 ay
1 1
<a3> = | %0 +Eazo Y ) +E“21 + N e
1 1
<ar> = | Qoo T 54y | T 5 oy +Ea21 + 4 Ay Ty
o = Goo 5(a10+a01) + Z(a20+a11+aoz) - g(a21+a12) + Eazz
1 1 1
Ar, = Goo — E(alo_am) + Z(azo_an"'aoz) + g(aZI_alz) + Eazz
Apr Aoy + E(alo_am) + Z(azo_an"'aoz) - g(aZI_alz) + Eazz
Arp = Qo T 5(“10"'“01) + Z(a20+a11+a02) + g(a21+a12) + Eazz

/é e/al‘ing L‘/Lede l/a/ued o/ a aueragea[ over L‘/L@ ce//i its 4 eﬁ[ged, antl eua/uufec[ al its 4 corners
to L‘/w 9 moments o/ a over lf/Le gm'J ce//i we oél‘ain L‘/Lg /é//owing re/alfioné:

(@) = -2{a) - 6(a¥) + 30(aF)
(@) = -3{a) + 6(a%) + 30(e¥?)

/ng_/dzluecﬁon M/Et/u'n, /me gad :Z)Wtumicd
10/9/02



6

3

) = -2(a) - 6laz) + 30(a5?)
)

(@) = -3la) + 6(a5) + 30(aF"

i

ay = %@ ~ 9((a%) - (aF) + 180((a¥5”
a, = %<a> + 9(<a3~c>—<a)7>) - 180(<a)7}2 _<a)?2J7>)

a, = %@ — 9((a%) + (a7) + 180((a%5?) + (a%*F))
+ 36(axF) — 45 ((a®) + (a57)) + 900(a7?)

jf T2 /aoddié/e to invert L‘/Lede re/aﬁoné/zipd n ora/er to oélfm'n f/Le moments L/ on/y f/w ce//

al/eruge, t/Le et[ge l/ll/l/ted, anz[ t/Le corner t/a/ued are AI’LOWI’L.'

(@%) = ()= {a)
(@5) = 2 (lar)=(a,)
o5) = 35l + 3
(@7°) = 55 (@ + 3lla)+(a) |

— 1
<axy> = m(arR_aBR_aTL"‘aBL)

(055) = 3| Ua) =) = § (o +ap =0 =ay,)|

/ng_/dzluecﬁon M/Et/u'n, /me gad :Z)Wtumicd
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<a)72)7> - ﬁ { (<aT>_<aB>) - % (aTL+aTR_aBL_aBR):|
<a)72)~}2> = 4L00 {<a> + %(<aR>+<aL>+<aT>+<aB>) + %(aTR+aBR+aTL+aBL)j|

M/e can a/éo a/elfermine If/ze inlfer/ao/afion po/ynomia/ coe%cienfd /@om L‘/Le ce// average, L%e
ec[ge averages, arwl lf/w corner ua/ued %ﬂom l‘/w /é//owing /érmu/ae:

(@) +{ar)+{ar)+(a,))

9
Ay = Z<a> + E(aTR+aBR+aTL+aBL) -

A, = %(<aR>_<aL>)_
3
2

1
4
(<ar>_<a3>) - % (aTR —dpgp Tap — aBL)

oo | W

(aTR tagy —an — aBL)

Ay = %(<aR>+<aL>) + %(<ar> < >) % aTR+aBR+aTL+aBL) - 9<a>
3 9 3
dyp = E(<aR>+<aL>) + E(<aT>+<aB>) - Z(aTR+aBR+aTL+aBL) - 9<a>
a, =3 (aTR_aBR+aTL_aBL) - 6(<ar>_<a3>)

a, = 3 (aTR+aBR_aTL_aBL) -6 (<aR>_<aL>)

a,, = 36 <a> + 9(aTR+aBR+aTL+aBL) - 18 (<aR>+<aL>+<aT>+<aB>)

The relationships given above that allow us to go back and forth botween difforent and
equivalont sots off 9 indopendent valies for cach grid coll are extremely wsoful. The 9 moments ave
considered by the [PPI aduection scheme to bo the independent guantitios that it advances in time.
This is bocause it is the evaluation of these 9 moments afler advection has tahen place during a
time stop (o, more properly, during a single 1-2D) pass of the algorithm) that allows us to construct
o new interpolation polynomial] continuous everqwhere within the grid coll e PPIS advection
scheme therefore performs the advection exactly, except for shear within a grid colll and ondy

PPOB Adsection Within PP Gas Dynamics
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introduces ervor by consorving just the first 9 moments of the advected distribution rather than the
complote infinite st of moments. Mowever, it is difficult to apply monotonicity or other
appropriate constraints to the moments divectly, or even to the polynomial coofficients. Instead, the
moment information is converted to coll average, edge average, and comer values that are casily
constrained.  The constrained valies ave then converted back to new values of the 9 moments.
Alio, in order to cvaluate the moments of the advected distribution, which is discontinuous inside
the grid colls, we find it most wseful to convert the original moment information into inferpolation

/ao/gnomia/ coe//icienfd, 0 L‘/Lalf l‘/w ap/aropriafe moment infegragi can ée eua/uafea[ over L‘/L@
a/J/)m/am'afe alamainé. j/u'é I a// dfraigéll/orwarol, éuf tea/ioud ana/ comp/e)(. M/e Wi// see ée/ow

If/mt fAe process is rena/er'ec[ /m' :jimp/er éy our cleci:iion to a/eue/op f/Le /9 /9 /_g dc/Leme as a deries 0/
/ -:b opemlfom u/ap/iea/ to various c[idlfriéuﬁond zjem'uec[ %om f/Le /u// a/iolfriéufion o/ a Wl:t[LI:I’L L%e
gm}! ce//

de/ore a/edcm'éing f/Le /9/9 Zg 5c£eme, we nole L%al‘ fAe 9 momenls can ée udeo/ to general‘e
average l/a/ueé o/fAe cl[dfm'éuﬁon a in duédeclfiond o/a gria/ ce// j/u'é can ée exfreme/éf uée/u//or

p/olffing purposes, dince If/w moments contain condiJeraé/e in%)rmalfion If/mlf s worlf/L (!L’dp/aying. jl‘

is most nafum/ to convert I%e 9 momenlts into average ua/ued in 9 e%ua/ recfangu/ur 5uéregion5 o/

the grid cell. We can divide the coll into ninths wsing the following relutions:
3]55515 = Y = %0-x)
31//7 ‘@@= Mg
S[RE = 30 = %0-%)
W therefore obtain:

<a>BL = Gy — %(alo +a01) + %a, + 1%08(“20 +a02) - 1%24(‘121 +a12) + 1% 1664 A
<a>BM = ay — ha, + %os(azo +l3a02) = Vs @y + Hiess

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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<a>BR = a, + %(alo —am) - J%a, + ‘%Og(a20 +a02) - ‘%24(6121 —alz) + 1% 664 Ay
<Cl>ML = a, — Ja, + %03(136120 +a02) — V@, + Hiea
<a>MM = ay + Kos(ay +ay) + Kiees
<a>MR = ay, + fa, + %08(13a20+a02) + Vou @y + Hiees aoy
<a>TL = ay — Y(ay—ay) = Ka, + Hos(ay +a,) + %o (ay —ay,) + 'Y a,
<a>TM = a, + Ja, + %08(a20+13a02) + Voou @y, + Hi66s ny
<a>m = ay + fla,+ay) + Ka, + Ys(ay +ay) + Yos(ay +a,) + 'Y dyy

M/e can invert f/Lede re/afiond/d/aé to oéfain:

oo = Hua (), + Voo (@), (@) g (@), + @) )= s (@), +(8) 4 (), +{a)r )
(@) = (@)s) = (@ + @)y, = (@) + (@),
160y = 26 ({a),,, = (a),,,) ~ {a)y, + (), = (), + (@),
pan = {a), = {a), —{a), +(a),

16a, = 26

~Ho{a)y, +{a)ye +(a), +a)y,) + % ((a),, +{a),,, +(a),, +{a),,,)
ap = ~%{a), +a),) — Wla),
s (a),, +(a), +{a),, +(a),.) + % (a),, +(a),, +{a),, +(a),,,)
Yot = (@), = (@), + @)y = (@), = 2({a)y, ~ (),,)
Sy = )y = (@) + (@), — (@), — 2((a), - (a),,)

[\

4 = 81(a),,, +% (@), +(a) + (@), + (@), )= ((a),, +(a)  +{a)y, +{a)y )

/ng_/dzluecﬁon M/it/u'n /me gad :Z)Wtamicd
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jor p/oﬁing we generu// wi// wi:i/L to Jecompode eacA Ce// onty into 4 e%ua/zméce/é. jo
et/a/l/mlfe L%eaa éuéce// averages, we wi// use L‘/Le %)//owing m/alfiona/u'pd:

2[5 = ),

2 j()%)?zdf - %2

Togother with the odd or even nature of these intograls when % is repluced by ~% , these imply:
(@), = aw - hlag+ay) + Yeay + Kolay+ay,) — Valay+an) + fuay
(@)ye = a0 + hilaw—ay) = Yeay + Nolay+an) — Vilay—a,) + Kuay
(@), = aow — Ulay—ay) = Yeay + Jolay+ay) + Yulay-a,) + KHuay

<a>TR = 4y T %(alo"'am) + Nea, + %2(‘120""’02) + %8("21"“’12) + Nuay

W/Liéz we are a[idcudding duéc[iuic[ing gm'J ce//é, we wi// inc/uJe L‘/Le %)rmu/ae we use to a[il/iJe
a gm’al ce// into a foln ana/ éal‘fam ce//i eacé u/it/L its own set 0/ 9 a/em'l/ec[ momenls re/ér'rea/ to
redca/ecj coora/inated n f/Le y—a,/irecfion f/mlf range /éom o to +%  across f/Le /wig/tf o/ eac/L

Auédce/Z j/we Jeﬁne.‘

~

)71 :2(yi%)

f/Len fAe éuédcrilnf + corred/aonc[:i to f/w éoffam duéce//i w/zi/e f/w duédcripf - corredponc[:i to f/w
Ifop :méce//ﬂmmy or f/ze éaa/ c/mice o/nofaﬁon /Lere/. M/e may invert L‘/Le aéaue re/afioné/u’,o, am[

~

L%en duédfilful‘e If/w redu/fing e%ualfion, y Z%)N/i ?% , inlo lf/Le genem/ /érm %)r our inferpo/al‘ion
po/ynomia/ n orc[er' to c[efermine L‘/w eguiuaégm‘ coe//icienfd o/ L‘/Lié po/éfnomiu/i wif/z reé/aecf to l‘/w
redcaéx[ y-coom{inal‘ed, in eac/L duéce/Z j/ze most ude/u/ re/alfiond/u'pd turn out to ée I%o:se w/Lic/L
giz/e us L‘/Lg 9 moments M/L'L‘/L redpect to L‘/Lg reéca/ea/ coorc[irmfed witéin eacA o/ f/Le fa/o ano[ éol‘fom

5%462/&.‘

/ng_/dt!uecﬁon M/it/u'n, /pr gad :Z)Wtumicd
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). =t 7 () - L)
@i = Hasn) 3 (Dlesw) - 2w
(@¥5), = 2aws) 7 (Bewy) - Lew))
(07), = L)+ Haw) 7 Liaw)
(a37), = (%) + (aXF) T L{aFF)

| o

(a%°57). = %@52) v (a5) F (e

7//55;%9 t/Lede /érmu/ae, we can d/)/ilf up a gria/ ce// inlo tO/) amz/ éoﬁom sections. %ﬁ‘er per/orming
L%e /9 /9 Z? azjuecfion dfe/a on eac/t :i/ice ina/e/)emlemf/éf, we neec[ to recoméine L‘/Le reau/%ing .méce//é.

M/e can a/o If/LiA opemlfion uding L‘/Le /é//owing %)rmu/éw:

/ng_/dzluecﬁon M/Et/u'n, /me gad :Z)Wtamicd
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\_/JI’LJ we mudf éé sure tO rememéer tA(lt

Ni = 2()7 i%)
s0 f/mf l%e upper dign goes w[f/t f/w /Ower /Lu//o/f/w gm'c[ ce/z

j/w uéoue ormu/ae or coméinm f/Le upper una/ /ower /mZ/ed ) If/Le m'a/ ce// may seem al
9 PP Vj b

irst /ance to ée ot/er/ com, /ex. j/u'd is not f/Le case. j/te /18 dué m'a/ ce// momenls can ée udeJ
fist g y comp 9

to oélfuin 9 mer'gec! ce// momenls in many ways. j/w %)Vmu/ae uéoue come /Zwm eua/ualfing L‘/L@ 9
moments o/ f/ze coméineo/ ce// a/irecf/y /éwm l%e imp/iec[ inl‘erlao/ul‘ian po/gnamia/é n eac/L 0/ f/Le
5uéce// sections. j/u'é mef/wa/ 1% edéenﬁu/ in muinl‘aining L‘/Le /Wolaer'l‘g 0/ f/Le /9 /9 Zg :ic/wme fﬁal‘, L/
we are aé/e to mjueclf eac/L ce// e,mcf/y ée/ore recondfrucfing a new, conlinuous L'nlfer/)o/alfian /)o/ -

nomia/i L‘/Le 9 moments o/ If/te ouem// a/idlfriéufion are exacf/éf condem/ea/.

I this paper, I will discuss PP advection in 2-2D. There are no new issues that enter
Jor POB advection in additional numbers of dimensions. The reason for this is our decomposition
of the advection process into 1-D) passes, and our decomposition of cach 1-2D pass into a series of
simple 1-2D advection aperations.  Euven monotonicity or other constraints can be applied
incromentalll, through a series off 1-2D operations. _Mowever, as the number of dimensions
increases, the number of moments that we must update in a OIS advection scheme mounts
dramatically. In 1-2D, we have onlly 3 moments to update. In 2-2D, we have 9, which is still
o manageable number. Mowever, in 3-2D we have 27 moments to update. We can porform the
update in a series of 1-2D operations, but even ifl the machine time is not a concern (CPU
compulation comes nearly free on most modern machines, due to their fundamental back of

comy ufaﬁona/ a/eéi n éa/ance f/ze memory re uirea/ or a// féeée momenls at eac/L m'a/ oint can
P 7 ’ ¥ req grea p

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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bocome excessive. For a Bolzmann equation simulution, for example to describe the dynamics of a
sell gravitating disk of stars, we would need to update 3° = 729 moments for cach grid colll
Can this reallly be necessary? Can it possibly be worthwhile? In the scheme comparisons
/wedenfec[ ée/aw, the necessary data /or you lo make this decision %)r gaurae// wi// be /amuia/ea/.

Om' L'nfer/)o/aﬁon po/éfnomiu/ J2S ‘Zi—%uaclruﬁc. ’ j/mf is, it inc/ucled a// If/Le terms we get
w/ten we construct aucé a po/gnomia/f/woug/t f/Le proz[ucf o/a paraéo/a in x ana/a paraéa/él in y.
O/ course, duc/L a proz[uct po/ynomia/ﬁ ag%ougé it /m:i 9 coe//icienlfé, contains on/y 6 inc[epena/enf
comé[nufiond of ils coelficients. Snce we /Laue not redl‘ricl‘ec! our o/ nomia/ to ée .mc/z a m([ucf,

poly P

our [nter/oo/afion Ina/ynomia/ (5 more gener’a/i ana/ it Aad 9 inc[e/aena/enf cae//icienfd. Z?uf alo we
rea//y neea/ a// 9 0/ If/wde coe//lcienfd? %/f/umg/L our redca/ea/ X- aml g—coomzlinafed eac/t range
ﬂ'om o to +2, our ce/és are o/coume 5ma//i Jo If/mlf If/wde ua/ued are u/éimafe/é/ mué‘ip/ie:j ég
f/ze dma// parameterd Ax anc[ Ay . j/wre%we our infer/ao/afion /ao/gnomia/ conlains 3 terms
whnich are all higher than second-order small. n fact, alon e cell diagonals, our inlerpotlalion

hich are alll higher th d-ordor small. In fact, along the coll diagonals torpolat
/uncﬁon faéed f/Le /orm o/ a %um'ﬁc /oo/éfnomia/i w/LL'C/L 3 ém'e/y aueréi/z j/ we are Aaﬁd/iea/ M/ilf/L
a paraéa/a /ér inlferpo/alfion in éolf/z L‘/Le x- am[ 7-<!irecfiond, u//Ly nol delflf/e /ér paméo/éw a/ong If/Le
ce// c[iagonaé as we/z7 j/ we were to a[o do, we cou/z! set f/Le inferpo/ation po/ynomia/ coe%cienfd
a, , Qa, , ano[ a,, to zero. j/u':i wou/o/ /euz/e us wil% on/éf o coe//icienfd, WAL'CA we cou/o/

elermine from on moments rather than 9. n 2-0, this wou e considera ess work,
y 6 hor than 9. In 22D, this woull bo considerably lss worls
aboul half as much work in fact. owever, in 5- we wou ave on moments Lo conlen

bout hal) b work in fact. M, 3.2 ld have only 10 moments to contend
wif/L in:slfea(! o/ 27, anJ our savings wou/c/ ée proporl‘iona//y greater. jn 6-:23, f/wre 5£mp/7

M/Ol/t/cl ée no worl‘/u,u/u/e comparidon, Lt M/OM/J deem, éel‘ween tAé tM/O a/apmac/wd.

The issue of 6 moments or 9, or of 10 moments or 27, is not s0 cloar as it might seem. he
advection experiments discussed below will establish that the 9-moment method, which we here call
simply PPB, is considerably more accurate than the 6-moment method, here called PPI6.
Alpparentlly, formal order of accuracy is not everything. Hhe hey difference botween these two
schemes seoms to be that the PPB scheme has greater floxibility to fit the bohavior of the

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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intorpoluted function near the coll comers.  In fact, we have seon above that the 9-moment
intorpolation function can attain any values at the coll corners and along the coll edges that we
might care to proscribe. Hho 6-moment interpoluation function can fit any prescribed average values
along the coll edges, but it can onlly represent the difference of the sums of the two comer values
along the two coll diagonalls through its coefficient ay, or its moment (a%5) . Wo should not be
overly surprisod that the Wloxibillty to provide a qualtty fit along the coll diagonalbs is important,
since, after all] the distance along the diagonals is 41% greator than along the principal grid
divections. M question, which surely is application dependent, of whether the extra moments, the
oxbra complexity, the extra labor, and the extra computer memory is worthwhile is here loff to the
roader to docide.  Evidence of the relutive merits of the two approaches, at loast in 2-2D, is

prouic[e(l n om[er* to assist in maéing lf/u'é Jecidion.

ge/ore /aunc/u'ng into L‘/w Jedcripﬂon o/ L‘/L@ azll/eclfion a/gom'f/un /or‘ u/ac/afing L‘/L@ momenlts, we
note L‘/Luf n f/Le O-moment a/a/aroac/L, or /9 /9 Zgé, l%e 3 [nferpo/afion pa/gnomia/ coe%cienfd a, ,
a, , una/ a,, are a// azséumea/ to I/Lll’LL.JA. j/wougA If/w %)rmu/ae given ear/ier /or' f/w momenls in

terms o/ L‘/Le po/ynomia/ coe//icienlfé, f/LiA constraint imp/ieé L‘/Lalf L%e 3 /Lig/wdf-omjer momenlts can ée
(leriuec{ %‘om L‘/L@ /ower—omler momenls as /é//owd:

(aX5°) = (a¥)/12
(a¥’7) = (aF)/12
<a)72§2> = &+ (<a)~cz> + <a)72>) — ﬁ<a>
M/e /Laue L‘/w dimpézr set o/ re/alfiond/u'/ad éefween L‘/L@ 6 moments anc[ lf/w 6 inferpo/afion
po/gnomia/ coe//écienb:

<a> = a, + (a20 +a02) /12
<a3~c> = a,/12
<a)7> = a, /12

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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(aXy) = a, /144
(aX?) = (aw/3 + ay/20 + a,/36)/ 4
(a37) = (a/3 + /36 + a,/20)/ 4
We can invert these relationships in order to obtain the polynomial cooffficionts from the moments:

a, = %<a> - 15 (<a5€2>+<a}72>)

a, = 12 <a)7>
a, = 12 <a}>
a, = 144(aXy)

a, = 180 (a¥’) - 15(a)
a, = 180 (a3’) - 15(a)

M/e can aéa re/afe f/Le ce//ea/ge (lI’LJ corner l/(l/bted fD t/Le 6 momenlfd via:

(@), = 30 (%) = o) - 6a¥)
() = 30 () = 2fa) + 6{a¥)
(@), = 30 (a5*) - J{a) - 6(a)
(@), = 30 (a5) = J{a) + 6(a)

6 ((a%)+(a¥)) + 36 (aX7)

~—~——
I
i
—
S
~—
|

(a3) + (a7?)

(a¥) + (a57)) = 4(a) + 6((a%)+(a5)) + 36 (a¥5)
an = 30 ((a5) + (7)) = 4(a) - 6((@)-(a7) - 36 (a¥7)

(%) + (a5%)) = 4(a) + 6 ((a%)=(a7)) - 36 (a%7)

/ng_/dzluecﬁon M/Et/u'n, /me gad :Z)Wtumicd
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CH’LJ we nolfe tA,[lf.‘

ay = Ap *ap —ap —ag

j/ n f/Lié /érmu/éz we ap/amximafe eucA corner ua/ue éy a %uarlfer' o/ f/ze sum o/ f/w average ua/ue:i
n L‘/Le 4 ce/éi aa;'acenf to tAaf corner, f/wn n l%e reéu/éing expression /ér a f/Le contm'éufion %om
If/w cenfra/ce// wi// ccmce/ /2 /o/m una/ 2 minud/ am[/or euc/L neareét—neig/Léor ce// we W[///Lm/e

one /aodilfit/e conlfriéuﬁon /éom one corner am! a negafil/e one /ér L‘/Le olf/Ler. jlf s L‘/Lere/ore cémr If/mlf
f/ze /Zwmu/a /ér L‘/Lié inlferpo/alfion po/gnomia/ coe//icienf in terms 0/ neig/Léor ce// averages must ée:

dy = % (<a>ZBL T <a>ZTR - <a>ZTL - <a>ZBR)
e can obtain this same formula extrapotating our assumed interpolation polynomial into the 8
W can obtein Lo by etapoleting Lintopolution polwomial it h

Am'rouna/ing ce/éi, infegraﬁng it over t/w 4 corner neig/Léom'ng ce/éi, amz/ summing t/wée r'e:m/fd as in

L%e %)rmu/a aéoue. ./4// conlfriéuﬁom o/ a// olf/ter coe%cienfd in our addumez! /unclfiona/ /é#m must
f/zen uam’é/L ég dymmefry, anc[ we are /e/é wilf/z a conl‘riéul‘ion /évm f/Le coe//icienf a u/one.

We may alio determine the average values in the coll guadvants from the 6 moments:
(@), = (a) = 3({a%)+(aF)) + 9(a%7)
(@) = (a) + 3({a%)+(a7)) + 9(a¥7)
(@), = () = 3((a¥)=(a5)) - 9(a¥7)
(@) = (a) + 3({a%)=(aF)) - 9(a%7)

/ng_/dt!uecﬁon M/it/u'n, /pr gad :Z)Wtumicd
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Comﬁtraining t/w momenfé inal -.:25 p ass o/ tAe p p g jz[uecﬁon Scbme

jn If/Le /)reuioud section, we sel oul L‘/Le éaaid ,4)# f/Le /9/9 Z)? momenlf—conwm/ing a(j(/ecfion

dc/wme. jlf remains to /ay out f/w a/el‘aiés o/ /Low L‘/Le momenlts condem/et! éy L‘/w cheme are up(lalfezl
na :iing/e /—,:Z> pass O/L‘/Le a/gom'f/zm.

j/Le /L'Mf operaﬁon we /Jer/orm n eac/L / —;—b pass is lo a/?/a/iy constraints to If/ze infer/oo/alfion

polynomial implied by the values of the 9 or 6 moments prescribed for cach grid coll at the
beginning of the 1-2D pass. Because the advection in the x-divection deals onlly with functions that
are averaged over the y-coordinate (even if such functions may tumm out to be the first or second y-
moments of the distribution in the coll), it is appropriate for the x-pass onlly to constrain the x-
behavior of the average of the function over g. e bohavior of the distribution within the coll in
the y-direction will be constrained in the y-pass. Vevertheloss, we will need to applly any desived
constraints on the bohavior of the function in the directions of the coll diagonals in both the x- and
the y-passes. _Any such constraints will affect the “comer transport” implied by the scheme.

The two-stream instability test problom that is described bolow involves onlly linear advection.
That is, alll grid colls in oach grid strip travel to the lefk or right at precisely the same velocity.
Mowever, we will also describe the application of PP advection to more complex probloms in
nontinear fluid dynamics, where this simple bohavior does not generallly occur. Ohe of the most
potentially wseful applications off PP advection in fluid dynamics simulations performed with
difforence schemes such as PP is the advection of variables that give the fraction of the fluid in
cach coll that is of a particular type.  Such fluid “types could be difforent matoriall, such as
sulllor hexaflouride and air, concentrations of constituents such as water vapor or sullur dioxide, or
simply concentrations of passively advected tracers, such as smoke or dye, introduced into the fluid
o trace its motion in a subseguent or even realtime visualization of the fow. For such advected
quantities, it is most appropriate to apply the obvious constraint that the values of these variables
must evergwhere lie within the range hom 0 to 1. Ohe could consider applying monotonicity

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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constraints, as is Afanctlarc! pracﬁce /or c{i//érence éc/wmed 51/tc/L as /9 /9 W ﬂoweuer, f/Le /9 /9 /_?

schemes have such great resolbing power that they can casily be catastrophically dograded by the
application of monotonicity constraints that introduce little additional ewor into far loss accurate
schemes such as /9/9 W It is bost to domand that these /Q/ng schemes proa/uce no aéuioué/g
wrong values but otherwise to lot them do their magic unimpeded. e monotonicity constraint that
the intorpolated polimomial must attain its extreme values for the grid coll onlly at the edges of the
celll is inappropriate for a OB scheme that can accuratoly advect sine wave disturbances with
wavelongths off onlly 4 or 5 grid colls,  _Abeady the modemn versions of PP in use at the
ACSE porform complicated inspections of the local bohavior off any function to be interpolated in
order to dotormine whether or not the flunction is smooth, so that monotonicity constraints that clip
extroma can be disponsod with.  For the P schemes, we would have to redesign such tests for
Junction smoothness in order to lot functions pass as ‘smooth " which schemes lihe PP would
regard as close to discontinuous. Mence, we describe bolow onlly the much weaher constraint that
the interpolation flnction should assume values onlly in the range from 0 to 1.

Sor the spocific case of aduvection of the fraction of a given Yuid in a mullifluid
hydrodynamics problom, especiallly in the common case that this fluid fraction should be strictly
conserved along streambines, we note that there are fow situations in which we need be concerned
about the generation of inappropriate oscillations in the advected distribution. Hhe foatures to be
advected consist most importantlly of edges that separate regions which are entirelly composed of one
type of Jluid from regions composed entively of another. hese edges will tend to be stoepened by
the action of shear, but chances are that the edges were alveady as steep as they can be at the
outset of the problom, so that this steepening process will be balunced immediatoly by numerical
diffusion. Our constraint that alll values of the function lie botween 0 and 1 will apply just the

monofonicilfy constraint to If/Lede ea/?e structures f/mf we wié/L.

jn mu/éi//u[al pr'oé/emé o/ f/w Ify/oe M/Aere at L%e outset 0/ If/Le /woé/em l‘/w //uic[:ﬁ are
comp/el‘e/y unm[xea’ ana/ M/Aere p/Lydica/ a/t/%téian 0/ l%e //uic[d 3 neg/igié/e, we c[o not eX/Jecf to ﬂnJ

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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edges developing between regions of constant fluid fraction unless the constant values on cither side
of the edges are the values 0 and 1. In these probloms, the fluids can mix as the result of
variely of instabilities, such as the Kolvin- HMelmholls, RayloighTuglor, and Kichtmyor-
Wleshhou instabilitios. A these instabilitios involve deposition and/or amplification (especially
in 3-2D) of vorticity along the region of the mullifluid intorfuce. I the nonlinear regime, this
resulls in entrainment of one Hluid into the region of another in vortex structures (the typical
Reayloigh-Tuylor or Kichtmyger Wleshkov spikes or plumes rapidly develop ring vortices at their
tips). his process does not bring about induction of broad regions of pure fluid _A into
surrounding regions of pure fluid 5. Instead, it resulls in thin tongues of each Yluid being drawn
into the regions of the other. Theso thin tongues are continually strotched, so that they tend to
bocome thinner without limit. Thus, aside from the simple edge, in which the Mluid fraction jumps
from 0 to 1, the typical unresolvable structures in such probloms are relatively long, thin stwips or
possibly sheets) where the fluid fraction is either 0 or 1. These thin strips or sheets are drawn into
regions where the fluid fraction is, respoctivell, either 1 or 0. For a single such strand where the
value should be 1, for example, surroundod by a broad fiold at the value 0, our constraint that all
values lie botween 0 and 1 will guarantee that no oscillations will occur along the edges of this
strand. Where the strand of Jluid bocomes unresolved on the mesh, our constraints will allow the
PPE method to describe it with parabolue inside the grid colls that can assume maximum values
in those colls. We will not clip those maxima, and the resull will be & much botter description of
the fluid mixing on the subgrid scale, with no unvealistic oscillations generated in the process. The
test probloms discussed bolow llustrate this point guite well. o clip the masxima along these
strands off fluid, as would occur i we were to use the PP advection scheme, would be to destroy
the resoluing power of the PPIS approach.  Thus, our decision to enforce onlly the constraint to
values botwoen 0 and 1 is application dopendent, but it is nevertheless strongly motivated. W
showld vemember that the standard monotonicity constraint wsod in shock probloms is not a luw of

nalure éut indfeaa/ an app/ication a/elnena/enf a/eéign c/Loice.

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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7/{/3 wi// u,ap/y our monofom'cify constraints in 1 —;—Z) passes, una/ If/wre/ore it is a/o/)r'opm'afe to
examine lf/Le a/e em[ence on x o L‘/Le (!L’dlfriéuﬁon avera eJ over y. jor' If/u'a a/ialfr’iéulfion, our
% g Y
inl‘eryao/ulfion po[é;nomiu/ faée:s L‘/L@ %)r‘m

aX) = a, + a,X + a,%’
W/Lere aguin X is If/ze ce/ﬂcenb’ic Aca/ea/ coamjinafe:
X = (x—x,)/ A

M/e can re/alfe f/Le inl‘eryao/ufion paraéa/uiﬁ coe//icienfd to lf/w x-momenlts o/ L‘/w ﬁ[iﬁfriéufion,

averaged over y, via:
a, = 12(aXx)
a, = 15 (12(a%*) - (a)
a, = (a) - a,/12

M/e can inverl f/Lede re/alfioné/u'p:i to ﬂnJ l‘/w x-moments o/ l%e c[idlfr'iéuﬁon, auemgec[ over y, /&om
f/Le inl‘erpo/ution paraéo/u i/» cae//icienf:i:

<a37> = q,/12
<a> = a, + a,/12
<a)72> = (<a> + a2/15) /12

M/e can a/éo re/ufe fAe inferpo/afion paraéa/a’d coe%cienté to f/Le l/a/ueé 0/ L‘/Le a!idl‘riéuﬁan,
m/eragea/ over y, at If/ze ce// ea/ged. ﬂere, /or' L%L'A a/[:slfriéuﬁon uueruge(! over y, we a/enolfe l‘/Lede ce//

ea/ge Uﬂ/[/ted :ump/y é% aL am[ aR N

1 1
a, = a, —Eal +Za2
a, = a, +la1 +la2

2 4

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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7/{/3 can invert L‘Aede re/ulfiondéipd to %nJ f/ze infer/)o/alfion /am'aéo/u; coe//icienfé %ﬂom f/Le eclge
l/a/ued anz[ L‘/Le ce/Zaueragec[ l/a/ue as /é/é)u/d:

a, = 3(aR +a, - 2<a>)

3 1
a, = E<Cl> - Z(CIR +aL)

jﬂ term:j o/f/w momenlfd, tée ea/ge l/a/ued O/f/Le y—aueragea/ a/idlfriéuﬁon are:
a, = 3 (20 <a52> - <a>) - 6<a)7>
(20(a%?) - () + 6(a%)

M/e can invert t/wde re/aﬁoné to aéfain fﬁe /L'Mf ana/ Aecana/ x-momenls in terms 0/ L‘/Le ea/ge l/a/ueé
cma/ f/Le ce// average:

oW N

a, =

<a)7> = (a, —a,) /12
<a)72> = (3<a> + (a, + aL)) / 60
M/e éegin our ap/a/icafion o/ constraints to L‘/Lg inferpo/afion po/é;nomia/ %)r f/w c{idlfriéufion

averaged over y knowing the cell average, (a), and the first 2 x-moments, (a%) and (a%?).
The constraint we wish to apply is that no valie of this interpolution parabola within the coll shall
lie outside the range from 0 to 1. W therofore first examine the coll average tsell. If it is
negative, we resel it to 0, and then we obviouslly should also reset both (a%) and (a%*) to 0.
Clearly, it is abso a good idea to reset (a%F), (aF), and (a5} to 0. If (a) exceeds
1, then we reset itto 1, we reset (a%), (aF), and (aXF) to O, and we reset (a%’)

and (a5%) to 1/12. For the 9-moment method, the 3 high-order moments are alio reset.

At this point, we calewlate the values of the distribution (averaged over ) at the lofl- and
vight-hand coll edges using the formutae given above. I cithor value bles outside the range from 0
bo 1, we reset it appropriately. Vow it proves most wseful to compute the cooffficionts, a, and a,

PPOB Adsection Within PP Gas Dynamics
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o/ L‘/Le L'nferyao/ufion paruéa/a. 7/{/8 cou/a/ compm‘e olf/wr %uunﬁﬁed as WQ/Z éuf f/LL'd wot/t/a/ ée

wadlfe/uz M/e use If/w %)rmu/ae giuen ear/ier:

a, = 3(aR +a, - 2<a>)

7/{/3 now examine If/ze L'nfer/)o/alfion /om'aéo/u fo see L/L.t Add an extremum M/L'If/zin f/Le ce// w/u'c/t
exceec[d f/w a//i)wea/ range o/ ua/ued. j/ it c[oed, we wi// //alffen L‘/Le paruéo/a unlfi/ L‘/Le l/a/ue atl its
extremum is /aermiédiééz. jimlf we condizler f/w case o/ a minimum [néia[e l‘/w ce// w/wre f/Le ua/ue I2]

negufil/e. jo /mue a minimum indic[e I%e ce//i we neec[ to /Lal/e lf/w Jeriuaﬁue negufil/e at t/LQ Zz%f—
/Lana/ ea/ge anc[ podiﬁue at fAe rig/LL‘—/mnﬁ[ ecl/ge. jﬁe a/eriz/afiue l/a/l/te:i at L‘/Le ce// eo/geé are:

da
- = a4 — 4
x|,
da
- = a t a
x|,

jéere/ére, L'/ a, > |a1| , we c/ear/éf /Laue a minimum inéia/e l%e ce/z M/e aéio nole f/mt i/
—-a, > |a1| , we Aaue a maximum L'ndiale f/Le ce/z j/ f/Lere is an extremum indicle f/Le ce//i If/Len it
occurs al a l/a/ue o/ X w/zere da/dx l/am'd/Le:i. \S)ince

da

a_N = a + 2a2)7
X

it is cézar L‘/mlf If/w extremum occurs at )Ncm , given ég

2a,

j/w ua/ue o/ f/Le inl‘erpo/alfion puraéo/a at f/u'd poinf i

2
a,
aext - aO -
4a,

j/ fAe ua/ue o/ our infer/ao/aﬁon Inaruéo/a is oul 0/ range at Aucé an exfremum, we wi// rea/uce l%e
magnifmled o/ éofA a, aml a, togelf/wr éy a common r'ealucﬁon /ucfor, freduce , do f/mf f/LL'd

/ng_/dt!uecﬁon M/it/u'n, /pr gad :Z)Wtumicd
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extremum. is brought just to the limit of our allowable range of values. By reducing both a, and
a, together, it is cloar from our formull for %, that this point at which the extremum occurs does
not change. In the reduction process, which causes the inforpolation parabola to become fattoned,
we must be careful not to aller the value of the colll average, (a) . I this coll average had boon
out of the allowable range at the outset of this constraint procedure, of course we would have reset
it.  Monco sufficient flattoning to bring the entive parabola into the allowable range must bo
possible. o presorve the value of the coll average, we have onlly to determine the constant
coofllicient in the interpolution parabola by the formula

a, = <a> - a,/12

If/mlf was giuen ear/ier. %clfua//, we wi// /mue no neec{ to eua/uate f/u'é coe//icienf clm'ing our

COVLJtI”aiI’Lt PI"OCQJI/H’Q.

jl’L 0?’(1@/’ tO c[efermine t/Lé /QPOPQP l/a/ue 0/ I%e rea[ucfion /acfor' j;’educe , we re%uire t/Lat, /él"

poéitiue t/u/ue:i 0/ a, , f/Le minimum l/a/ue must l/am':ié. ﬂence

2
_ < > _ f;’educ'e a2 _ f al
A0 reduced - a 12 - reduce 4 Clz

50 that
j;’educe = 12 <a> / {a2 ll + 3 (al/aZ)ZJ}
jf i3 a/éo worf/t noting, witA red/aect to f/w e/%ciencg o/ f/w camputul‘ion, f/mt L‘/w c!il/idian in f/Le

Jenominalfar n If/u':i /ormu/a neea/ not ée remouecj, since f/w ratio u/a/?em'ing I,‘/Lere wi// a reaa/y /Laue
éeen com/mlfec[ n If/Le eua/ualfion 0/ If/w /ouf o/ range/ extremum l/a/ue.

jor l%e case w/wre a, is negafiue arw[ we /Lal/e a maximum ua/ue greuter If/mn / indiJe

L‘/Lg ce//i we arrive al Aimi/ar /ormu/ae. jn L‘/Lié case we a/efermine freduce /éwm fAe c[emanc[ tAaL‘
If/Le maximum e%ua/ /. j/u'd re%uiremenf frand/alfed into f/w a/emuna/ f/mf

ﬁe uce a a2
aOreduced - 1 = <Cl> - 1 - d12 2 = f;‘educe 4;
2

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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so that

f;’educe = 12 (<a> _1) / {aZ ll + 3 (al /GZ)ZJ}

jf s ude/u/ to Jefermine fre

our ear/ier ormu/u or f/w extremum uu/ue, we see %al‘ we can express it as 0//014/5:
/ .

wilf/wuf /Lauing to /imf eua/uafe f/Le extremum ua/ue. jmm

duce

2
- S U RS (PR TAYS
2

Cloarly, this extromum value will be negative if.
a, > | and f—;[l +3(a/a,)] > (a)

e extremum value will xcoed wnity if

~a, > |a) and -2l s@iar] > 1- (9
We can oliminate division operations by noting that the extremum will be nogative if:

a, > |a| and al +3a’ > 12a,{d)
I this case, we set
Froawe = 12a(a) / (a2 +34)

e extromum value will exceed wnity if:

~a, > |a] and a +3a’ > -124,(1 - (a))
I this case, we set

fome = —12a,(1 = (@) / (a2 + 3a?)

to unil‘y. j/wn, nutum//, we moJi/g a, arwl a, éy
mu/é‘ip/ying eacé o/ fﬁem é% fAe rea’uctian /acfor S roiduce - ﬂoweuer, we want to maée l%ede

jI’L a//ol‘/wr- cases, we o/coume delf f;’e

duce

mé'mtmenfd o/ a, am[ a, on/?; in cases w/zere we /Lm/e not reset eilf/wr o/ fAe ecz/ge ua/ued to l/a/ued
at f/ze /imilfé O/Obtl" a//éwaé/e range, f/mf is, to O orto 1. \74145, ée/ére a/ap/éf[ng lf/Le retlucfion

/ng_/dt!uecﬁon M/it/u'n, /pr gad :Z)Wtumicd
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/acfor, we c/wcé %)r L‘/Lede cases amzl st foee Lo 1 i/ eil‘/Ler o/ fAe ea/ge ua/ued /Laue Aeen resel.
jn L‘/Le cade L‘/mlf we /mue resel one o/ If/Le ezjge ua/ued, we wi// app/y a a/[/%zrenlf constraint,
Jeécriéec[ éeZ)w, to our inlferpo/alfion po/ynomiaz

The idea hore is that we reduce the magnitudes of  a, and a, together, lattening the
intorpolution parabole, in cases where our grid coll is bhely to be located in botween rogions where
a is cithor O or 1. Then we are likelly to have in our coll a segment of a thin, unvesolved strip
in which the distribution a is cither 1 or O (respectively). It is ontively appropriate to describe
this wnresolved strip segment using a parabola that has an extremum inside our grid coll. W
must however be careful not to lot the extremum value pohe outside of our allowable range. Y,
however, we have reset either edge value to one of our limiting allowable values, that is, to either 0
or 1, then we expect that our colll s located next to a region in which the distribution a is cither
0 or 1 (respectively). In this case, it would be inappropriate to simply flatten our interpolation
parabola, which would cause the value at the coll edge to move away from the limiting value
shared by the region adjacent to it. Instead, we would like to heep the edge value at this limit, if
that is /ooaaiééz.

%Z%oug/L we cou/c[ c[el/ide a lest /ér If/u'é /udlf case c[i:icud:ier! aéoue ég examining f/w average
uu/ue:i o/ a in aaé'acenf ce//é, we wi//neuerf/w/edé éimp/g assume f/mt if we Aaue resel one o/om'
ea/ge I/u/ued, eit/Ler a, or a, lo eifAer 0/ our /imih'ng Ua/ued, 0 or 1, If/Len our ce// IZ]
/ocalfea/ ac{/'acenlf to a do/i(j region in w/u'c/t L‘/Le a/idlfriéufion /md If/u'd /imilfing t/u/ue. jn If/u'a case,
we wi// c{emanc[ %ulf our infer/oo/afion paraéo/a ée monolone wilf/u'n f/Le ce// jlf I2] domew/mf
L‘ea,/ioué, éul‘ neuerl%e/edé en ig/Lfem'ng, to candia’er a// f/w cases f/mt mig/Lf arise WAZI’L we /mz/e resel
f/Le ua/ue at f/w m'g/tf—/mna/ ce// eo/ge, a , to 1. jn l%ié case, we can ée certain L%al‘ L‘/Lg
average 5/0 e o/ot/w infer/ao/aﬁon /Jm'aéo/a wifAin f/Le ce//i a,, i non—negaﬁue. j/ |a2| < |a1| 5
we énou/ If/mlf If/te inlferpo/alfion /aaraéo/a is monolone indi(je our ce/Z \S)[nce Aof/t ea/ge t/a/ued am!
f/ze ce// average /mue éeen condfrainec[ to L‘/L@ a/éwaé/e range, f/u'd monolone inter o/afion araéo/a

g g polation p
must ée accepfué/e. jz /Lowel/er, —-a, > a, 2 0, f/wn L‘/w [nl‘er/ao/aﬁon /aaruéo/a assumes a
/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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maximum value inside the coll that exceods 1. In this case, we resot the lofl-hand edge value,
a, , 0 that the slope of the parabolu vanishes at the right-hand edge of the coll. We therefore
reset a, so that a, = 3<a> - 2a, = 3<a> - 2. I terms o/ the paraéo/a’é
cae//icientd, we reset  a, and a, so that a = —a, = 3 (1 - <a>). Wow we condider
the case where ay > a; 2 0. Ju this case the interpolution parabolu assumes a minimum
value inside the coll. We could consider adjusting the lofi-hand edge value, a, , so that this
minimum. valuo, if originally negative, is just 0. Mowever, this would not be an appropriate
intorpolution polynomial iff indeod our coll is at the edge of a region, to its vight, where the
distribution a is unity.  horefore, in this case we resot the right-hand edge value, ay , s0 that
the slope of the parabolu vanishes at the lofl-hand edge of the coll. We therefore resct ay  s0
that — a, = 3(a) = 2a,. In torms of the paraholu s coofficionts, we reset a, and  a,

wthat  a = a, = 3((a) = a,).  Of course, in all cases we demand that the coll
average be unchanged, which is guaranteed so long as we sot the constant coefficiont of the
intorpolution parabola to the value a, = (a) - a,/12..

j/zid reéeffing o/ If/Le inlferpo/éllfion paraéo/a’d coe%cienfd lf/mf we /mt/e a/edcm'éea/ aéot/e /)r If/Le
case w/Ler'e L‘/L@ ua/ue at Zf/Le m'g/zf—/wmc! e(lge o/ l‘/w ce// i um'fy 2] /'uéf l‘/w procea[ure f/mlf we use to
constrain inl‘erpo/ution paraéa/ae in L‘/Lg /9 /O W 5c/Leme /a/%/wug/t in /9 /9 W f/u'é J23 on/éf per/or'mea/
i/ a care/u/ examinalion o/ t/w /ocu/ ée/ml/ior 0/ If/Le interpo/afea/ /uncﬁon reueu/é t/mf it cannot ée
condic[erez[ as dmoof/L/. jn our context, we éegin If/Le ap/a/icafion o/ L%L'd /9/9 W monol‘onicify
constraint on/y n L‘/w case w/wre we /Lal/e a ce// ec[ge l/a/ue e%ua/ to eil%er 0 or 1 , arw[ we énow
at f/u'é /JOiI’Lt fﬁal‘ éOt/L ec[ge l/a/ued ana/ L‘/w ce// average are n f/Le /Jermidéié/e range. y/wn we
M'mlo/% examine L‘/Le magnil‘uc[eé a/f/Le cae%cienfé a, ana/ a, . j/ |a2| > |a1| , itis c/ear' f/mt
we want f/Le 4/0 e o/om' inlfer/)o/aﬁan puraéa/u to I/am':S/L at f/Le ce//ecjge W/Ler'e its ua/ue T2 c/ode:if
to lf/Le average l/a/ue n f/Le ce//i <a> . j/u'd u/i// o/ course guamnlfee If/mlf L%e l/a/ue at If/Lia ec[ge (s
a/éo l‘/uz extremum ua/ue, s0 l‘/ml‘ L‘/L@ paraéa/u wi// ée monolone wil‘/u'n our ce// %ow, L‘/Le a[emanc[
0/ a z/an[:iéing c[eriuafil/e ana/ a parficu/ar /imiting uu/ue al one ce// ea/ge, /9/145 l%e cl/emana/ tAaf f/Le

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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ce// al/erage remain unc/mngecl, derves tO coml)/elfe/y L[efermine our inter/oo/aﬁon /Jaraéo/a. j/ze

t[emam! L‘/Lalf If/te 5%) e o L‘/Le araéa/a uania/wé al one ce// ec[ e im /L'ea L‘/mlf a,| = |a,| . j/ze
P P ge mp 2 1
ua/ue at L‘/L@ opposite ce// ec[ e, a/on wif/L l‘/uz z/u/ue 0 L‘/L@ ce// average, (d) , f/zen c{el‘ermined f/w
PP ge, along g
magnil‘uc[e o/ f/wde inl‘eryao/ul‘ion paraéa/a coe%cienfd. jram f/Le various re/ez/anf re/afion:i, we
/iml L‘/Le /o//owing constraint /oroceclm'e, /ami/iar %ﬂom If/Le /9/9 W dc/zeme, W/Lere I,‘/Le /%Mf 2 cases
are /ér’ negafiue amj If/Le :Iecoml 2 cases /or podil‘iue Aecom[ z[eri(/aﬁued n L‘/Le ce//:

W oa, =0 or ay=1, ad —a, >a| , weset —a, = a = 3(ay - (a)).
W oa, =1 or ay=0, and —a, >|a|, west -a, = -a, = 3(a, - (a).
I oa, =0 or ay=1, and a, >la|, weset a, = o = 3((a) - a,).
W oa, =1 o ay =0, and a, >a| , west a = —a, = 3((a) - a).

,/41,‘ f/Le ena/ o/ If/LL':i redefl‘ing procetlure, we recompulfe L‘/Le moments o/ L‘/Le a/ialfriéufion via
<a >~c> = a /12
(ax*) = ((a) + a,/15) / 12

30 l‘/mf we are reucly to /oroceea/ wif/L fAe aall/ecfion a/gom’fém, w/u'c/z we wi// /ormu/ufe to M/O"A /éom

a IJI’QJCVL'éeJ def o momenfé.

j/w aéoue constraint /aroceJm-e dlfam[d n dfrong contrast to l‘/ml‘ uéer! n L‘/L@ /9 /9 m 5c/Leme.
decauée L‘/Le /9 /9 Zg écAeme a/oeé 5uc/L a care/u/ /'oé 0/ com,ouﬁng t/ze momenls 0/ fﬁe a/idtr'iéul‘ion
wif/u'n eacA gm'cl Ce//i we alo not neea/ to examine f/Le ée/ml/ior o/ f/Le a,/idlfriéufion out:iicle o/ a Aing/e
cell in order lo delermine appropriale constrainls lo a . e are here considerin e case of a

Win order to dot ppropriate constraints to apply. W are doring the case of
(lidl‘riéulfion w/Lode l/a/ueé are énown to /ie dfm'clf/éi éefween 0 anfl /. j/ we rJ[Lc{ not /mue any 5I/tC/L
énaw/ec[ge o/an a//owaé/e range o/ua/ued, we wau/o/ Am/e two cAo[ceé: /// we cou/a/ dimln/y /ef fAe
ac[l/ectec[ /uncl‘ion adci//afe near umﬂeéaZ/ea/ 5/wu'/J /éafm'eé, or / 2/ we cou/o/ examine fAe ée/ww[ar 0/
If/Le /uncﬁon M/L'If/tin If/Le ce// 0/ inlerest am! its two neig/LAoM n fAe a,/irecfion 0/ f/Le predem‘ pass n
omler to (jelfermine W/Lef/wr If/w /uncfion was dmoof/L, $0 If/mf no constraints neec[ ée a/a/a/iea/, or nol,

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd

10/9/02



28

50 that we might apply the standard PPN monotonicity constraint. I would suggest that the
second choice would not be a good one, since it woulld tond to destroy the resolving power of the
PPB approach. One might tone down the drastic dissipation that the PP monotonicity
constraint would imply by instoad blonding the constrained distribution togother with the original
one with weight fuctors of, say, 0.25 and 0.75, respectively. One would want, as in the PPN
scheme, to change these weight factors continuously over a range in which the interpollted function
goes from smooth to unvesolved, with weights of 0.25 and 0.75, or the like, applying only at the
unvesolved end of this range.  Mowever, the PP approach, without any such constraints, does
not resull in oscillations of very significant size, and therefore one might prefer simplly to live with
them. Such a choice, of course, wouldd dopend upon the application. We have porformed no tosts
with choice number (2) above, since we targot cither advection of a phase space Pluid, in which we
would want to apply onlly a positivity constraint, and advection of the fractional volume of a
particular type of fluid or material] in which the constraints described above in dotail scom most
appropriate. Tests for both these types of probloms are presented bolow.

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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Upclaﬂng tAe momenté inal -.:25 p ass o/ l%e /9 p g _/44[1/ecﬁon Scéeme

jn f/Le /)ret/ioud section, we Jedcriéea’ lf/Le a/o/a/icafion o/ constraints on If/w inlfer/ao/ufion
po/ynomia/é uderj ég f/Le /O /O g momenlf—con:seruing atluecfion 5c/wme:5. jlf remains to /ag oul f/w
a/efm'/é o/ /ww f/ze momenls candem/ea/ éy l‘/ze :ic/zeme:i are upa’al‘ea/ in a Aing/e / -23 pass 0/ f/w
a om't/Lm. 7/{/2 M/L'// 4 ecia/ize f/LL'd a,/iécm:iion to If/Le case o f/Le /9 /9 /_?6 Ac/Leme, w/u'c/z u a/afed

g p P
on/éf 6 mlf/wr lf/mn L%e /u// 9 momenls. j/u'd i3 L‘/Le on/é/ 5c/Leme L‘/Lalf /Lad éeen imp/emenfec[ n L‘/Le
WL.I’L(Z fmme/ //ow dimu/alfion program c!edcm'éea[ /alfer. j wi// frg to poinf out w/Lere uppropriate
/ww l‘/w O-moment /9 /O g@ dc/Leme can ée exl‘enzlec/ tou a[afe a// 9 moments in Q—:,Zb.
p

It is casiest to first consider how we might update the moments (a), (a%), and (a%*) in
« 1-D pass troating advection only in the xdirection.  Wo will asume that some other
compulation, such as for example PP hydvodynamics, produces for us the time-averaged -
velocitios at the coll intorfaces. We will alio assume that we have constrained the parabolac in all
the grid colls, and that the moments of the distribution in each grid coll rofloct this.  The diagram
on the following page indicates this situation. Mree contiguous grid colls are shown, and in cach
the interpolation parabola determined by the moments (a), (a%), and (a%*) is shown. The
motion of the grid colls under the action of the prescribed velbcity fiold is also shown, and we have
indicated that each intenpolation parabola is simplly cither stretched or compressed in the horizontal

climenéion éy If/Le action 0/ If/u'd Ue/ocilfg /ée/cl. 7/{/8 assume f/mlf f/Le ua/ued 0/ f/Le cjidfm'éuﬁon a

are conserved albng stream blines in the flow and that we may use a simple linear intorpolition to
obtain the time-averaged velocity at any value of the x-coordinate. We witl abso simplifly our
caliulution by assigning a velbcity, so interpoluted, to cach point along the xdimension at the
beginning of the 1-2D pass and holding that velocity constant in time along the streamline
emanating from that bocation. Thus we assign the prescribed time-averaged intorface velocity to
cach streamline emating from a coll intorfuce. We thus equate the time-averaged coll intorfuce

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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I/e/ocilfy n f/Le o[)agrangian i

N
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coom!inalfe Wl:t/t L‘/Lalf n If/Le

5 uézm'an one. iné

/wocea/ure i3 0/ course nol
correcl, éuf it wi// a/o We//
enougA /ér our purpode.

jﬂ tAé /L'gure we can
c/ear'/g Jee t/LEtt aﬁer eac/z

ce// Aaa mot/ec[ in L‘/w x-

déai
%%
K8

o
K8
KL

K
KKK
ot %

KK
KK
S

Q

00
o
o,

5
0
XS

c[irecﬁon, f/w Ljidlfriéuﬁond i
india/e If/te new gu/erian i

L
KKK

0%

KL

Q
Q

5
%

gm'c! ce//é are c[idconl‘in—
uous. j/wée new a./idfriéu— L /

’v
K
o
K8

V’V
&
o
0

7S
K

0%

KK

V’V
&
%
XS

s
K

&
%

tions must ée rep/acea/ éy

K
K5
RS

continuous paraéo/ae. j) ALLELLELLERES AR *
clel,‘er'mine l%ede paraéo/ae,

we  ovalwate the moment | The interpolation parabolae for 3 grid cells are shown at the
beginning of the x-pass in the upper part of the figure. The
iﬂfeym/é /0" cach Culerian motion of the cell interfaces is indicated, and the new stretched
grid ce U intorval his | OF squashed parabolae are shown in the lower part of the figure.

The two portions of the central cell that become parts of the
pmcec/m«e is 5£mp/e in | new central cell and of its neighbor on the right are indicated by
the diagonal and cross-hatched shading patterns in both parts of
the figure. To obtain the new interpolation parabola for the
practice. 9, ge,wm/f we | central cell we must evaluate the moment integrals over the cell
domain in x, which is indicated by the bracket at the bottom of
the figure.

COI’LCB/?t, él/tt COWL/)/I:CCLteC[ in

neec[ fo euu/uufe I/t/_‘) tO 3

éepamlfe conlfriéufiond to

eac/L moment integra//ér f/w new gu/em'an griﬁ[ ce//: a conlfriéul‘ion /ﬂom eac/L neigééoring ce//
ana/ one /éwm t/ze Om'ginu/ ce/z ja eua/uafe L%eée L'na/it/ia/ua/ conl‘m’éuﬁond to eac/L moment [nl‘egra/i

ppg./dt!uecﬁon M/il%in ppW gad :Z)gnumicd
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we need expressions for the integrals of the distribution, a(®), mulliplied by powers of % .
These intograls must be carried out over subregions of the grid coll such as the areas shown in the
figure with diagonal shading and with cross-hatched shading. I the upper part of the figure,
these two regions indicate portions of the original coll volume that will be advected into the new
Edovian coll on the vight (the crosshatched section) and that will remain in the original coll
(diagonal shading). In the most complicated case, there ave 3 regions of the grid coll over which
we need to evaluate contributions to moment intograls in now Culovian colls. The grid coll on the
lofk in the wpper portion of the figure is such a complox case.  Wlaterial within it will contribute to
the new moment integrals in both noighbor colls as well as the coll tsell,

7//55;4? f/Le :méécm'/ot N b a/enolfe ?uanﬁﬁed faéen at f/ze new time /eue/i f/Le new moments we
neetl to e(/a/ualfe n If/te guézm’an ?ria/ ce/éi are:

(), = (a®) = [ & 0GR

w/Lere k ranges %om 0 b 2. M/e tlenofe f/Le Ifime-auemgea/ l/e/ocified o/ f/w éeﬁ- ant[ m'g/zlf—

/Lam{ ec{ged o/ L‘/Le gm'z! ce// ég LTXL tlI’L(! I/_lxR . j/w éur over L‘/Lede dyméo/é 2] inlfenc[ec{ to [na[icafe
L‘/Laf L‘/Leg re/oredent time averages over t/w time Afe/a. Wou/, wr'iﬁng

I/_le = (I/_th + I/_lxR) / 2

we can eX/aredd t/Le new coom[inalfe )NC‘N uédociutec[ Wl:té, t/Le 0/6{ coom[inalfe )NC‘ é%
Xy = % + (u, + Au,X) (At/Ax)

M/e wi// %nJ it convenient to cl/enafe f/Le /ucfar ég w/u'c/t fAe gria’ ce// expanc[:i a/um'ng fAe time 5L‘e/9
éy fexp amzl fAe average clidfance, meadm'ea/ n ce// M/L'a/f/m, f/mf If/Le mafem'a/ in our gm'a/ ce//
moves to If/ze rig/tlf (jum'ng If/te time 5lfe/9 ﬁ/ze average Couranf numéer/ éy o, . j/md

oo = 1 + Au At/Ax
o, = u,At/Ax

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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7/{/e may If/wre/ore wrile

~

Xy = fexpx+0'0

In cvaluating the contributions from our grid coll of intorest (the contral one in the figure
shown carlior) to the now moments in the new ECulorian grid coll, we will wse the assumption that
the value of the distribution @ is conserved along streambines. For example, we can write the
contribution, dmomy, , to the h" moment in the coll to the right from the cross-hatched region in

our ce// 0/ interest as %)/K)wd:

dmomy, = J-;fdf (¥ | dX) a(F) X
jn If/u'd %)rmu/é{, we /mue udea/ If/Le duéécripf ZR to a/enolfe If/w zone /or ce//y on If/Le m'g/u‘. M/e can
:n'mp/é/é f/Lid /érmu/a ég recognizing Zf/mf (d)?NZR /dx ) is /'uéf fexp arw[ lf/mf

Yo = Xy =1 = f X +0, -1

j/Le /ower /imif on If/Le inlfegralfion, gg Ry U8 f/Le I/u/ue o/ X /éwm w/LL'c/L f/Le dfream/ine
emanales L‘/Lalf /'u:slf reac/teé If/w ce// inlfer/ace at If/Le enc[ o/ f/Le time dlfep. j/md

V= fué + o

Monce

S = (% - 0'0)/ Sexo
We will define the Courant number &, for the right-hand coll edge by

o = Y&
We now rewrite the contribution to the new k" moment in the coll to the right as
dmomy, = fuy [ a@) (£, 7 + 0, = 1)"

It is a straightforward mattor to write this intogral in torms of the simpler integrals

dmm,, = J;d)?a()?) x*

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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j/w:ie Jimp/er infegrués are giuen éy
dmm,, = o0, (ao D, + a D, + a, Dk+2)

WAQI‘@ If/w COI’LJt(lI’LtJ Dk can éé eua/uatezj recm’diue/y via DO = 1 (lI’L([

1 k
D, = + D
g (k+1)2* k+1§R o

j/zere/ére:

D, =1
1 1
D, = 4 + EéR D,
1 2
D, = —+ =& D
2 12 3 §R 1
1 3
Dy = 5 + Zé:R D,
1 4
D, = % + gégR D,
M/e may now write
dmom,, = feXp dmmy,
dmom,, = feip dmm,, + (o, —1)dmom,,
dmom,, = feip dmm,, + (o,-1) (feip dmm,, + dmomm)

jn l‘/w aéoue /érmu/ae, we /Laue fa/zen dpecia/ care to write lf/w expressions in a /érm lf/ml‘ 1% /Lig//y

e//icienf or compul‘aﬁon.

jf is easiest to oélfain L‘/Le confm'éulfion, dmom,. , from f/Le clia ona// d/mclea/ region in our
K g s 7

/igm’e to If/Le new é% moment in If/Le cenfra/ g'u/em'an gm’c{ ce// éy Auéfracﬁng L‘/Le /oorﬁon %am f/Le

crodo-éalfcéetl r'egion, w/u'c/z IZ] aa/ueclfea/ into If/Le ce// on lf/Le rigélf, ﬂ'om lf/Le new folfa/ /zM momenlt

inl‘egra/ée/ow as /é//owd:

dmome = fog [ a@® (1% + 0)" = 1oy [[Fa@® (1,7 + 0,)"

/ng_/dt!uecﬁon M/it/u'n, /pr gad :Z)Wtumicd
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j/w fm'cé /Lere is to re/ufe If/ze Aecana/ inl‘egra/ on fAe rig/Lf to dmomkR 5 W/Lic/L we /Lm/e a/é'eucly
et/a/ualfezj, am! to re/alfe If/te /L’Mf inlfegm/ on L%e rig/tlf to If/w om'gina/ momenls in If/Le ce/Z
:benofing I%e /L’Mf inlfegr'a/ on If/Le rig/Lf aéoue éy dmom,, , we /mue

A ~ ~
dmom, = f. I_%a’)? a(x) (fexpx + O'O)k
so that:

dmom,, = fexp <a>

dmom,, = f2 <a>~c> + o0, dmom,,
dmom,, = feip <a)72> + 0, (feip <aJ7> + dmomlT)

ibenolfing If/te Aecona/ inlfegra/ on f/Le rig/uf in L‘/Le aéoue ex,ar’eddion %)r dmomkc éy dmomkRC 5

we éﬂl/e
dmomy. = f., L:fdf a(x) (f;exp)? + O'o)k
s0 that:
dmomy,. = dmomy,
dmom,,. = dmom,, + dmom.
dmom,,. = dmom,, + dmom,, + dmom,,.

j/Le aéoue infegm/é cou/a/ o/ course a/éo ée compulfea/ a/ireclf/éf, as we z[ml %w Z/Le inlfegm/g in
dmom,,, , éut l‘/ml‘ wou/c[ L.I’LI/OZ/Q more arit/zmefic If/mn f/ze /érmu/ue given /Lemz.

j/ we were to encounter on/é/ aclluecfion to L‘/Le m'g/Lt n every proé/em, our /'aé o/ cl/edcriéing
/LOM/ to u/)c[afe f/Le x-momenls o/ f/Le cji:jfriéuﬁon o/ L‘/Le uam’ué/e a ina :Sing/e /—;_b pass wou/a/

now ée comp/efe, since we wou/a/ /mue on/y to ac[a/ If/w conlfriéul‘iond n dmomkR ﬂ'om If/Le zone on
L‘/L@ ZZ/L‘ to lf/w:se n dmomkc n orc[er' to oél‘ain <a )7k>N . ﬂoweue;ﬂ, o/ course we must aéso

account /or /eﬁ‘wm’a/ m[ueclfion. 7/{/2 M/i//clo f/u'é in a manner f/mf wi//a//ow f/Le reéu/ﬁng program
to emp/oy l/eclforizaéliz /ogic. j/md we w[// deeé %)rmu/ae /ér /eﬁwara/ atll/ecfion If/mf reaeméég as

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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c/ode/y as poddié/e f/ze /ormu/ae giuen aéor/e /or acll/ecﬁon to f/Le rig/zf. Wodlf every C/Q?// c/LL'/J now
in proa/ucfion wi// ée aéée to ca/aifa/ize upon our l/eclfor’izaé/e /é#m o/ lf/Le compufalfion, uding Alwr'lf

/ —:,b 5cralfc/z vectors dfor'ea[ in ils o//zc/u'/a cac/ze memory.

Ty caleulate the lofward advection in the same vectorizable loop with the rightward
advection, it is most natural to toop over the coll interfuces, computing at each interface the
contribution, cither dmomy, above or dmomyy , to the new k" moment in the cell to the right or
lofl of the interfuce. Just as dmomy, is the contribution from the coll of interest to the new h"
moment in the cell to the right, dmom,y,, is the contribution to the new h™ moment in the cell of
intorest from the coll on the right. (Mere the subscript LZR refors to the lofi-hand interface of
the zone, or cell, on the vight ) In the formulae for leftward aduection that follow, we will instead
vofor to aduvection out of the coll of interest across its lofl-hand intorface and into the coll on the lof.
This will allow s to avoid wsing clumsey subscripts.  In putting these formulue together with
those given carlior for rightward advection, it is a simple mattor to got the subscripts correct and to
implement differences botween the signs in the formutae via mulkiphications by a variable that i
+1 according to the sign of the time-averaged advection velocity at the intorface.

jn Zf/Le case o /e l‘wmd azll/eclfion across L‘/Lg /e l‘—Aarw[ interface, we wi// /Laue U, negalive.
xL ?
jﬁ is not necessary L‘/Laf u, a/éa Ae negal‘il/e, éut it is /iée/y. M/e can tAiné o/f/w /e/é‘—modf ce//

in our ear'/ier /%gure as an exam,)/e, am! in f/LL'd case, a%%aug/L u, s L'mleea/ negafil/e, U, is
poailfiue. Untlemfamjing If/mlf (o may ée negafiue, we may dlfi// wrile

~

Xy = fexpx+0'0

M/e can write l%e canl‘riéuﬁon, dmom,, , to L‘/w ét/L moment in L‘/Lg ce// to l%e /eﬁ /éfom f/Le

a/apr'olam'afe region n our ce// 0/ interest as /o//owé:
dmom,, = é;df (dENZL /df) a(x) EJ\I;ZL
n this formula, we have use e subscri ZL fo denole the zone for cetl) on the left. nce
I th lu, we have wsed the subscript ZL to denote th W) on the Lft. O,
agm'n we nolice f/mf (df NZL /dx ) 5 /'udlf fexp amz/ f/mf

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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Xyy = Xy +1 = fexpx+0'0+1

j/Le upper /imif on f/ze inlfegralfion, f L, i3 If/Le l/a/ue o/ X %om w/zic/z f/w dlfream/ine
emanales f/mlf judf reac/zeé L‘/Le /eﬁ-/mnc[ ce// [nfer/ace at f/ze enc{ o/ L‘/w time dlfe/a. j/u,td

-V = fué + oy
Mence
& = (Y +a)ir,
We dofine the Courant wumber &, for the lofl-hand coll odge by
o, = W+é&
We now rewrite the contribution to the new k" moment in the coll to the lofk as
dmom, = f., f/dz a®) ([, + 0, +1)!
Itis a straightforward mattor to write this intogral in torms of the simpler intograll
dmm, = f/df a(®) 7
hese simplor intograts are given by
dmm, = o, ((1)a,C, + (-1)"a, C., + (-1)*a, C,,,)

M//Lel"e If/ze COI’LJtﬂI’I,t{j Ck can ée e(/a/uulfecl "ertl"diU@/y via

1 k
C, = - C
, (k+1) 2" k+1§L =

j/Lere/ore:

c, =1
1 1

¢ = Z_EgLCO
1 2

¢, = E_Echl

/ng_/dt!uecﬁon M/it/u'n, /pr gad :Z)Wtumicd
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1 3
C, = —-2&£C
3 32 4§L 2
1 4
G =g 50G

I we carry out a careful comparison of these formutue for the C, with the earlier formulae for
the D, , we realize that these constants are essentially the same things, except for a substitution of
=&, in the /a/ace 0/ &e e signs in /éwnf o/ the terms in our expression /ar dmm,, come
from the odd or even symmetrics about the origin of the integrands involbved. We may now write

dmom,, = f., dmm,
dmom,, = feip dmm,, + (o,+1)dmom,,
_ 3 ( 2 d d )
dmom,, = f . dmm, + (o, +1) Sop dmm,; + dmom,;

I a single vectorizable boop it is a straightforward matter to compute at cach colll intorface
the contribution to the new b" moment in the downstream grid coll that arises from advection across
the intenface from the upstream grid coll. his contribution will be either the guantity we have
called above dmom,, or it will be dmom, . Once this compulalion is com/o/ez‘e, we execule a
second vectorizable boop over grid colls rather than grid coll interfaces in which we accumulate the

various confm'éuﬁond to If/Le new moments in f/Le ce//é. ;Zor /e/%waml uc!(/ecﬁon, f/ze compmfaﬁond in
L%L':i decom! /oop are a/edcm'éea/ ée/ow.

M/e once again oélfain L‘/L@ conl‘riéul‘ion, dmom,. , %’om If/Le ce// o/ interest to L‘/L@ new ét/L

moment in L‘/Lié same ce// éy éuél‘rucﬁng f/w canfm'éul‘ion %om f/Le region /udl‘ a/iécuédea/, wAicA JZ3
m!(/eclfec! into fAe ce// on f/Le /e%f, /éom If/Le new folfa/ é% momenl imfegra/ ée/ow as /o//owd:

dmome = f, | //df a®) (fog¥ +0,)" = Sop [ a@® (1,7 + )"

j/w fm'cé is once again to re/ate f/Le Aecona/ inte ru/ on t/w ri /Lf to dmom, , w/Lic/L we /Laue
7 7 g kL

a reac[y et/a/uafea/, cma/ to r’e/al‘e L‘/Le /L'le infegm/ on If/w m'g/LL‘ to f/w origina/ momenls in f/Le ce/z

j/w treatment o/ l‘/w /L'le infegra/ on f/w rig/zlf, w/Lic/L reéuﬁd in f/w compulfalfion o/ f/w %uanﬁﬁed

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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we /wwe ca//ea/ dmoka , i ic[enlfica/ to f/mt c[iécuddecl em'/ier /Or rigétwara/ aaluecﬁon.

ibenolfing If/te deconc[ inlfegm/on L‘/Le rig/tlf in If/Le aéoue ex,ar’eddion /or dmomkc ég dmokaC 5

we /ml/e

d _ ‘de\, ~ ( ¥ 4+ )k

momy . = fexp - X a(x) f‘exp X O-O

2
50 that:
dmom,,. = dmom,,
dmom,,. = dmom,, — dmom,,.
dmom,,. = dmom,, — dmom, — dmom,,.

570 compulfe If/w new momenlts in L‘/Le gm'a/ ce/Zi 5 now dimpég. /.?ecauoe o/ L%e nomenc/afure we
/Lm/e udec[, w/Lic/L, ée/iel/e it or not, /mé éeen c/w:ien to auoitl con/udion, we give L‘/L@ %)ur poédié/e

cases:

ax* = dmom,, — dmom + dmom h u, <0 d w, <0
N kT kLC KLZR » when xL an xR

ax*® = dmom,, — dmom — dmom h u, <0 d w,>0
N kT KLC kRC » wnen xL an xR

ax* = dmom,. + dmom + dmom h u, >0 d w,<0
N kT kRZL KLZR » when xL an xR

ax*® = dmom,, + dmom — dmom h u, >0 d w,>0
N kT KRZL kRC > when xL an xR

jAeée /Zm' cases are eadi/g /Lanc[/ea/ a// at once, using mu/%[/o/icaﬁond ég sign l/am'aé/e:i unc[
Ueclfom'zué/e /ogic.

j/Le new x-momenlts lf/mf we /mue /udf com,aulfezj aéot/e may not imp/y a new inl‘erpo/afion
/aar'aéo/a lf/mlf :ial‘id/éed Zf/Le constraints we so care/u//éi a/ap/iec[ at l‘/w éeginning o/ f/Lid / —:b pass.
ﬂoweuer, we wi// alop/y l%a:ie constraints again at f/ze éeginning o/ fﬁe next 1 —iZ) pass, so fAere J23
no neea/ to ée concemea/ wilf/L If/wde constraints /urlf/wr Aere. j/w compulfaﬁon:s set out aéoue giue us

3 new momenlfd lett 0/ fAe 6 or 9 t/t(lf we re%uire /éi" a 2-;—b (l(!l/eCtl:Ol’L IJI’OA/QWL. jﬂ t/te pp/_;
mef/wc[ t/Ldt M/?C!dteé 9 momenlfd inﬂ[e/yentlenlf/, we Aaue OI’L/y tO Vepealf t/Le aéoue COI’VL/’)MtdtI:OVLé

/ng_/dt!uecﬁon M/it/u'n, /pr gad :Z)Wtumicd
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precisely two limes, once for the moments (aF), (aXF), (aT°F) serving in place of the
moments (a), (a%), (a%>) and once again for the moments (a7}, (a%5), (a%7?)

serving in place of the moments (a), (a%), (a%*). or these caleulations, we do not need to
apply the constraints describod for our first st of 3 moments. e reason is that the y-moments are
constrained onlly in the y-pass, and constraining the mixed moments, which describe the behavior of
the distribution along the coll diagonals, is optional. In determining the algorithm for the FIPIS6
method, which conserves only 6 moments, we insert into the 9-moment algorithm the constraint that
the 3 highest-order moments ave dotormined in terms of the other 6. his vesulls in dramatic
simplification of the procedure for updating the three remaining moments, (a3, (aX7), and

<a )72> . j/ze /ngé 5C/L8WL2 inuog/ed POM?A/% /m//t/ze computationa//uéor in 2—:23 o/f/w /ng

JCAQWLQ t/L(lt u/ac/afed ﬂ//Q momenfé.

jor t/w /—,:Z> pass o/a 3—:2) ca cu/afion, we wou/a/, n f/Le 27-moment /Q/OZ? dcéeme,
Aimp/y u/)a/al,‘e 6 ac!cjiﬁona/ sels o/ 3 moments uding /weciée/y f/w same a/gorilf/Lm /'udlf cledcm'éecl.
j/zié COM/(! ée a/one ég dimp/y ca//ing L‘/Le same duéroulfine 6 more times wif/L 6 new sels o/
argumenfd. j/wée 6 ac[c[iﬁona/ sels o/ moments wou/ﬁ[ giue l‘/uz x—ﬁ[iéfriéuﬂond o/ f/w /irdf anfl
5econa/ z-momenls ana/ 0/ L%e yz—moment, L‘/Le y 2z—momenl‘, una/ f/Le yz Q—nwnwnf. jﬁe 3—:2) version
o e scheme would updale momenls. - ass o (5 algorithm would updale
the PPI36 sch U wpdate 10 ts. A 1-2D pass of this algorithm would updat
e x-dependence o e z- and z -momenls jusl as the x-dependence o e y- an -momenls s
the x-depend th d:* ts just as the x-depend. the y- and y* t
L‘realfez[ n f/Le Q—:b u/gom'f/zm. On/y a 5£ngéz moment, I%e 7z-momenf, wou/c{ remain to ée

u/Jcl/afea/, ana/ tAaf cou/a/ ée /Lanc[/ea/ uéing a éimp/e 0/0/’1,0}"—68// Jt//érencing :ic/wme.

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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Copyright 2002 Paul R. Woodward.

small = 0.0000001
almostl = 0.999999
third = 1. / 3.

sixth = 0.5 * third
twelth = 0.25 * third

fftnth = 0.2 * third
This code will soon be made available under

Q0 QaaQ

nrecips = nrecips + 1 GNU “Open Source” licensing.
nmults = nmults + 3
nadds = nadds + 0
do i =0,n+1
if (rho(i) .lt. small) rhoxy (i) = 0.
if (rho(i) .lt. small) rho(i) = 0.
if (rho(i) .lt. small) rhox (i) = 0.
if (rho(i) .lt. small) rhox2 (i) = 0.
if (rho(i) .lt. small) rhoy (i) = 0.
if (rho(i) .1lt. small) rhoy2 (i) = 0.
if (rho(i) .gt. almostl) rhoxy (i) = 0.
if (rho(i) .gt. almostl) rho(i) = 1.
if (rho(i) .gt. almostl) rhox (i) = 0.
if (rho(i) .gt. almostl) rhox2 (i) = twelth
if (rho(i) .gt. almostl) rhoy (i) = 0.
if (rho(i) .gt. almostl) rhoy2 (i) = twelth
thyng = 30. * rhox2(i) - 1.5 * rho (i)
thang = 6. * rhox (i)
rhol (i) = thyng - thang
rhor (i) = thyng + thang
if (rhol (i) .lt. smlrho) rhol (i) = 0.
if (rhol(i) .gt. 1.) rhol (i) = 1.
if (rhor(i) .lt. smlrho) rhor (i) = 0.
if (rhor(i) .gt. 1.) rhor(i) = 1.
rhol (i) = rhor (i) - rhol (i)
rho2 (i) = 3. * (rhol(i) + rhor(i) - 2. * rho(i))
freduce(i) = 1.
thing (i) = rho(i) * rho2 (i)
if (rho2(i) .1lt. 0.) thing (i) = thing(i) - rho2(i)
thang = twelth * rho2(i) * rho2(i) + 0.25 * rhol(i) * rhol (i)
if (thang .ne. 0.) freduce (i) = thing(i) / thang
if (thang .le. thing(i)) freduce(i) = 1.
absrhol (i) = rhol (i)
if (rhol (i) .1lt. 0.) absrhol (i) = - rhol (i)
absrho2 (i) = rho2 (i)
if (rho2(i) .lt. 0.) absrho2 (i) = - rho2 (i)
if (absrho2 (i) .le. absrhol(i)) freduce(i) = 1.
if (rhol(i) .1lt. smlrho) freduce(i) = 1.
if (rhol(i) .gt. almostl) freduce(i) = 1.
if (rhor(i) .1lt. smlrho) freduce(i) = 1.
if (rhor (i) .gt. almostl) freduce (i) = 1.
rhol (i) = freduce(i) * rhol (i)
rho2 (i) = freduce(i) * rho2 (i)
flag(i) = 0.
if (rhol(i) .1lt. smlrho) flag(i) = 1.
flagl (i) = 0.
if (rho2(i) .gt. rhol(i)) flagl (i) = flag(i)
flag(i) = 0.

/ng_/dzluecﬁon M/Et/u'n, /me gad :Z)Wtumicd
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if (rhol (i) .ge. 1.) flag(i) = 1.
if (rho2(i) .1lt. rhol(i)) flagl (i) = flagl (i) + flag(i)
if (flagl(i) .gt. 0.) rho2 (i) = 3. * (rho(i) - rhol(i))
if (flagl(i) .gt. 0.) rhol (i) = rho2 (i)
flag(i) = 0.
if (rhor(i) .1lt. smlrho) flag(i) = 1.
flagr(i) = 0.
if (rho2(i) .gt. -rhol(i)) flagr(i) = flag(i)
flag(i) = 0.
if (rhor (i) .ge. 1.) flag(i) = 1.
if (-rho2(i) .gt. rhol(i)) flagr(i) = flagr(i) + flag(
if (flagr(i) .gt. 0.) rho2(i) = 3. * (rho(i) - rhor(i))
if (flagr(i) .gt. 0.) rhol (i) = - rho2 (i)
rhox (i) = twelth * rhol (i)
rhox2 (i) = twelth * (rho(i) + fftnth * rho2(i))
enddo
nrecips = nrecips + n + 3
ncvmgms = ncvmgms + n*37 + 74
nmults = nmults + n*18 + 42
nadds = nadds + n*30 + 69
third = 1. / 3.
twothird = 2. * third
sixth = 0.5 * third
twelth = 0.25 * third
dtbydx = dt / (x1(2) - x1(1))
do i=1,n+1
dchil (i) = uxavl (i) * dtbydx
uxavfar (i) = uxavl(i-1)
if (uxavl (i) .1lt. 0.) uxavfar (i) = uxavl (i+1)
dchifar = uxavfar(i) * dtbydx
dchiOupstrm = 0.5 * (dchil (i) + dchifar)
sl(i) = 1.
if (uxavl (i) .1lt. 0.) sl(i) = -1.
ddchiupstrm = sl(i) * (dchil(i) - dchifar)
fupstrm(i) = 1. + ddchiupstrm
xil = (sl(i) * 0.5 - dchiOupstrm) / fupstrm(i)
sxil = s1(i) * xil
51gma1( ) = 0.5 - sxil
di(i) = 0.25 + 0.5 * sxil
d2 (i) = twelth + twothird * sxil * dl (i)
d3 = 0.03125 + 0.75 * sxil * d2 (i)
d4d = 0.0125 + 0.8 * sxil * d3
rhoupstrm(i) = rho(i-1)
if (uxavl (i) .1lt. 0.) rhoupstrm(i) = rho (i)
rhoxupstrm(i) = rhox(i-1)
if (uxavl (i) .lt. 0.) rhoxupstrm (i) = rhox (i)
rhox2upstrm(i) = rhox2(i-1)
if (uxavl (i) .1lt. 0.) rhox2upstrm(i) = rhox2 (i)
rholupstrm = 12. * rhoxupstrm(i)
rho2upstrm = 15. * (12. * rhox2upstrm(i) - rhoupstrm(i))
rhoOupstrm = rhoupstrm(i) - twelth * rho2upstrm
dmmOl (i) = sigmal (i) * (rhoOupstrm
+ s1(i) * di(i) * rholupstrm
+ d2(1i) * rho2upstrm)

/ng_/dzluecﬁon M/Et/u'n, /me gad :Z)Wtamicd
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dmmll (i) sigmal (i) * (sl1l(i) * dil(i) * rhoOupstrm
& + d2(i) * rholupstrm
+ sl1(i) * d3 * rho2upstrm)
dmm21 (i) sigmal (i) * (d2(i) * rhoOupstrm
& + sl1(i) * d3 * rholupstrm
+ d4 * rho2upstrm)

dmomO01l (i) = fupstrm(i) * dmmOl (i)
fupstrmsqg (i) = fupstrm(i) * fupstrm(i)

dchill (1) dchiOupstrm - sl(i)
dmomll (i) = fupstrmsqg(i) * dmmll(i) + dchill (i) * dmomO1l (i)
dmom21 (i) = fupstrm(i) * fupstrmsg(i) * dmm21 (1)
& + dchill(i) * (fupstrmsg(i) * dmmll (i) + dmomll (i))
enddo
nrecips = nrecips + n + 3

ncvmgms = ncvmgms + n*5 + 5
nmults = nmults + n*38 + 45
nadds = nadds + n*21 + 30

do i=1,n
dchiO(i) = 0.5 * (dchil (i) + dchil(i+1))
ddchi = dchil(i+1) - dchil (i)
f(i) = 1. + ddchi

fsq(i) = £(i) * £(1)

totmomOnu = £ (i) * rho(i)

totmomlnu = fsqg(i) * rhox(i) + dchiO(i) * totmomOnu
totmom2nu = £ (i) * fsqg(i) * rhox2 (i)

& + dchio (i) * (fsg(i) * rhox(i) + totmomlnu)
rhonu (i) = totmomOnu + sl(i) * dmomOl (i)
rhoxnu (i) = totmomlnu + sl(i) * dmomll (1)
rhox2nu (i) = totmom2nu + sl (i) * dmom21 (i)
if (uxavl (i) .lt. 0.) rhoxnu (i) = rhoxnu (i) + dmomO1l (i)
thyng = 2. * dmomll (i) - dmomO1l (i)
if (uxavl (i) .1t. 0.) rhox2nu (i) = rhox2nu(i) + thyng
rhonu(i) = rhonu(i) - sl(i+1l) * dmomOl (i+1)
rhoxnu (i) = rhoxnu (i) - sl(i+1l) * dmomll (i+1)
rhox2nu (i) = rhox2nu(i) - sl(i+1l) * dmom2l(i+1)
if (uxavl (i+1l) .gt. 0.) rhoxnu (i) = rhoxnu (i) - dmomOl (i+1)
thyng = 2. * dmomll(i+l) + dmomO1l(i+1)
if (uxavl(i+1) .gt. 0.) rhox2nu (i) = rhox2nu(i) - thyng
enddo
ncvmgms = ncvmgms + n*4

nmults = nmults + n*lé + 3
nadds = nadds + n*18 + 5

do i =1,n+1

rhoyupstrm(i) = rhoy(i-1)

if (uxavl (i) .1lt. 0.) rhoyupstrm(i) = rhoy (i)
rhoxyupstrm(i) = rhoxy(i-1)

if (uxavl (i) .lt. 0.) rhoxyupstrm (i) = rhoxy (i)

rhoylupstrm = 12. * rhoxyupstrm(i)
rhoyOupstrm = rhoyupstrm(i)
dmmOl (i) = sigmal (i) * (rhoyupstrm(i)
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& + sl1(i) * di(i) * rhoylupstrm)
dmmll (i) = sigmal(i) * (sl(i) * di1(i) * rhoyupstrm(i)
& + d2(i) * rhoylupstrm)
dmomO1l (i) = fupstrm(i) * dmmO1l (i)
dmomll (i) = fupstrmsg(i) * dmmll(i) + dchill (i) * dmomO1l (i)
enddo
do i=1,n
totmomOnu = £ (i) * rhoy(i)
totmomlnu = fsqg(i) * rhoxy(i) + dchiO(i) * totmomOnu
rhoynu (i) = totmomOnu + sl (i) * dmomOl (1)
rhoxynu (i) = totmomlnu + sl(i) * dmomll (i)
if (uxavl (i) .1lt. 0.) then
rhoxynu (i) = rhoxynu(i) + dmomO1l (i)
endif
rhoynu(i) = rhoynu(i) - sl(i+1) * dmomOl (i+1)
rhoxynu (i) = rhoxynu(i) - sl(i+1l) * dmomll (i+1)
if (uxavl (i+1) .gt. 0.) then
rhoxynu (i) = rhoxynu(i) - dmomOl (i+1)
endif
enddo
ncvmgms = ncvmgms + n*4 + 2
nmults = nmults + n*17 + 13
nadds = nadds + n*10 + 8
do i=1,n+1
rhoy2upstrm(i) = rhoy2(i-1)
if (uxavl (i) .lt. 0.) rhoy2upstrm (i) = rhoy2 (i)
rhoy2lupstrm = rhoxupstrm(i)
rhoy22upstrm = 15. * (rhox2upstrm(i) - twelth * rhoupstrm(i))
rhoy20upstrm = rhoy2upstrm(i) - twelth * rhoy22upstrm
dmmOl (i) = sigmal (i) * (rhoy20upstrm
& + sl1(i) * dl1(i) * rhoxupstrm(i)
& + d2(1i) * rhoy22upstrm)
dmomO01l (i) = fupstrm(i) * dmmOl (i)
enddo
ncvmgms = ncvmgms + (n+1l)*1
nmults = nmults + (n+l)*8 + 3
nadds = nadds + (n+l)*4 + 5
do i=1,n
totmomOnu = f£ (i) * rhoy2(i)
rhoy2nu (i) = £(i) * rhoy2(i) + sl(i) * dmomOl (i)
& - sl(i+1l) * dmomOl (i+1)
enddo
ncvmgms = ncvmgms + n o+ 1
nmults = nmults + n*1l + 11
nadds = nadds + n*6 + 9
return
End

Paul R. Woodward.
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Comparidon o/ /é edu/td %)r L‘/w /l/amloud _/4Jl/ection &/wmed

I ordor to test and demonstrate the performance and accuracy of each advection scheme
discussed above, we have embedded these in a gravitational two-stream instabillty program that was
writton for wse in a computational methods course at the Uhiversity of Whnnesota.  his
application is written in Visual Busic 6.0 and runs on Wherosoft Windows machines.  The
necutabls code, along with essontial dypamic bk Bbvarias (DLLy) can bo douonloaded fom the
LCSE Web site at  www.lese.wmn.odi/ Two StreamPPB. Each of the aduection
implomentations discussed hore has boen compiled into a Fortran DAL to run inside this two-
stream instability application. his allows visualization of the resulls of the advection caleulutions

and also measurements, through this wser interflace, of performance on Windows platforms. I
order to measure performance from within this larger application, an aption is selocted through the
wser intorfuce that causes the time spent in the Fortran DAL implomenting the advection
scheme to bo measured and converted to a number of Mflops. Becawse PCs do not allow for
oxtremely accurate time measuremonts, the advection routine is called many times rather than just

once, 3o L‘/Laf enoug/L woré s per%;#mec[ to yie/c[ a meam'ng/u/ time L'nlfem/u/ measurement.

Weasurements of time intorvals smaller than a fow msec. are possible on PCs, but we have found
that they are not reliable and repeatable. Consoguently the advection routine is callod a sufffciont
number of times to get above this measuring threshold. It is important to undorstand that
measuring the code porformance in this way enables the main memory traflic to be reduced, since
the algorithm operates repeatedly on the same data. _Although this may distort the porformance
measuremont on a laplop computor, it gives a botter indication of performance on PC workstations
or Jtanium machines, where main memory banduwidth is 4 or 10 times greater.

Om' two-stream indlfaéi/[fy app/écaﬁon dimu/alfed If/ze ucll/eclfian o/a //m’c{ n a 2—:2) p/Lade
dpace. j/ze /Lom'zonlfa/ c[imenéion, X, sa d/aalfia/ Jimenaion, M//Li/e L‘/Le l/erlfica/ Jimenaion, U, i
a ue/ocify (limenéion. j/w /ocaﬁon o/ a point in L‘/w p/zaée dpace /a/ane glves its dpafia/ /ocafion,

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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Figure 1a. The phase space distribution function at time 0.2 in the gravitational two-stream instability
problem described in the text. This advected distribution was computed using the PPBshear advection
scheme on a grid of 512x512 cellis.

x, and its velocity in the x -divection, u . I we plot the phase-space density, f, as a
Junction of u  at any particular location x , then this plot gives us what physicists commonly
call the velocity distribution function.  The intogral of the phase-space distribution function  f
over volocity is the density p  in configuration space. Mhis density is interpretod in this problom
as a density of stars, each of which is a point mass far too small to collide with any other star

Jm’ing f/Le time o/ our dimu/ulfion. j/tede stars interact If/woug/L L‘/Le grau[t‘aﬁona/ /érce, w/Lic/L IZ]
compul‘eJ éy /L'm!ing L‘/L@ joum'er lfmmd%wm o/ f/w a[enéilf% z[idfriéulfion p .

jn our lwo-stream inéfaéi/ify ex,oerimenf, we assume /wr'ioa/ic éaunc[ar% cono/ifiand n f/Le
5/7aﬁa/a/imen5[0n, X . M/e L'niﬁa//y predcriée f/Le dpaﬁa/a/enéify P as a constant /J/M a codine
/uncfion If/mf maéea If/u'd Jendilfy 50% /ar’ger n f/te cenler o/ our /aroé/em L[omain If/mn it is al lf/Le
ec[ged. ind /ar'ge inilfia/ perfuréafion gel‘é f/Le proé/em mouing inl‘eredfing/; m'g/Lf away. 1/{/3 a/éo
L'm'ﬁa//g set up l%e /Q/Luée dpace c[enaify f so f/mt L‘/w ue/éc[ty c[i:il‘riéul‘ian /uncfian at eac/L l/a/ue
of X consists o e superposition of two (aussians, centered at velocities of *u and wi
/ ts of the superposition of two G , contered at velocities of +u, and with
standard devialions of C, . ac aussian thus corvesponds lo a group of stars moving eilher lo
tandard deviat s Cach th ponds to a group of st g oither ¢

ppg,/dt!uecﬁon M/if/Lin /QIQW gad :Z)gnumicd
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Figure 1b-c. The phase space distribution function at times 0.4 and 0.6 in the gravitational two-stream
instability problem described in the text. This advected distribution was computed using the PPBshear
advection scheme on a grid of 512x512 cells.

I,‘/Le /eﬁ‘ or lo If/ze m’g/Lf. jor f/Le cases we wi// predem‘ /Lem, we c/wode u, = 4 amz/ Cy = 2, do
anlf If/wde groups o/ stars are in[fia//y very we// deparafec/ n ue/écifg. gac/L group is 50% Jender
at L‘/Le cenler o/ our proé/em ﬁ[omain, anc/ l‘/wre/ér'e a// stars are acce/emlfeﬁ[ to one WLL/LJ z[egree or

anof/wr L‘owm'c[ t/LI:J point. j/u'é acce/eraﬁon maéeé f/Le /)Aaae dpace c[ial‘m'éuﬁon move upwara’ n

ppg,/dt!uecﬁon M/if/Lin /QIQW gad :Z)gnumicd
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Figure 1d-e. The phase space distribution function at times 0.8 and 1.4 in the gravitational two-stream
instability problem described in the text. This advected distribution was computed using the PPBshear
advection scheme on a grid of 512x512 cells.

I,‘/Le /e%f Aa/%p/ane ana/ c[ownwm'a/ n f/Le m'g/uf Aa/%p/ane o/ our /oroé/em. /gy Aymmefrg,
acceézmlfiond l/anid/t éolf/z at lf/Le cenler o/ If/Le c[omain in X ancj at its etlged.

j/w in[fia/ plmée dpace z[idfriéulfion /unclfion s

[ 14+0.5cos(7zx/ L) B (u—u, ) _ (u+ug )
ool ) ]

ppg,/dt!uecﬁon M/if/Lin /QIQW gad :Z)gnumicd
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Figure 1f. The phase space distribution function at time 3.0 in the gravitational two-stream instability
problem described in the text. In the upper panel, this advected distribution was computed using the
PPBshear advection scheme on a grid of 512x512 cells, while in the lower panel a grid of only 128x128
cells was used. The extent to which the solution has converged on the finer grid is thus fairly evident.

jée pmé/ém i3 /urtéw jpeci/iea/ éy deﬁing L, Aa//t/w perioa/ic /engf/L in L‘/w dpaﬁu/c[imenéion,
to 6 am! éy delfﬁng If/te I/a/ue o/f/Le grauifaﬁona/condfant o 21 .

j/Le time a/et/e/opmenf o/ If/u'a grauilfafiona/ two-stream inalfaéi/ilfg, W/LL'CA JZS very dimi/ar to L‘/Laf
/L'le /aredenlfea/ in M/ooa/wam! 1982 ana/ 1986, is 5/Lou/n ée/éw uding If/Le /l/[dom/ /_?adic program

ppg,/dt!uecﬁon M/if/Lin /QIQW gad :Z)gnumicd
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runnin, f/Le /9 /9 /gd/war Acéeme a,/idcuadec[ ear/ier. j/wde redu/é‘d, com, ufea/ WL'L‘/L l‘/Le most accurate
g P

o/ L‘/Le uz[l/eclfion dc/zemeé preaenfea/ /Lere amj on a very /L'ne gm’a/ o/ 512x512 ce/éi, may Ae
re urc[ezj as 5/Lowin l‘/uz correct time ﬁ[eueé) ment o L‘/w /m:ie space Jenéit f or L‘/Lid roéézm.

g g P phase sp y P

jAe /L'Mf 0/ f/Le image:i /é'am f/u'é run aﬂ'eacly déawd fﬁal‘ l%e two gm/wdiand /mz/e mouea/ u/awar'a/ n
If/w /eﬁ Aa/%p/ane aml alawnwaml n f/ze m'g/zt Au/%p/ane. s/dd If/u':i /Jmé/em praceecld, a circu/aﬁon
aéoul‘ L‘/Le cenler o/ If/Le proé/em z[omain zlel/e/opd. j/zid circu/ar motion in p/taée dpace correépom!d,
o/ course, to a éacé—anr!—%wl% oéci//ul‘org molion in con/igwufion dpace %)r f/Le two groups o/ stars.
j/w gauddian 5L‘rurw[5, or dfreamé, n p/mde dpace f/Lud winc[ aéoul‘ eac/L of/wr ever more L‘ig/d‘/y as
L‘/Lg ez/o/uﬁon /oroceealé. Z///é‘imafe/g, at any giuen r'e:io/ufian we can %nJ a time so0 /ate f/mf l%e
Atmmald can no /onger ée clidfinguid/wa/. j/w Aydlfem If/md re/uxeé fo a muc/L /zolflfer Jydlfem 0/ stars in
w/u'c/t two depurafe t/e/ocilfy groups o/ stars can no /onger ée c[idfinguid/wa/. ibi//udion, w/u'c/t IZ]
inel/ifaééz on dca/ezs near L‘/Laf o/ our gm'(l ce/é, must L‘/um uﬁimafe/y éring f/u'd 5y5l‘em into a dfeac[y,

/u//y re/uxea/, e?ui/iém'um state.

s two-stream instability problom is welll hnown in plasma physics, where the force law has
the opposite sign. _Although it is loss familiar in astrophysics, it is in fact responsible for the
process called dgnamical friction that cases randomization of stollar velocities in gallary mergors
near the centors o/ vich c/ml‘em 0/ ga/axied. jor' this /Waé/em, the advection in /)Aade dpace is
particulurly simple.  _Along cach horizontal strip of grid colls, the fluid all moves to the loft or
vight at the identical spoed.  Similurly, along each vertical column of grid colls, the fluid oll
moves upward or downward at the same spoed as well. Vevertholoss, bocause the total amount of
/a/wwe space //m’a/ is atm'cl,‘/y condem/ec[, the awir/ing //ow in /Q/Laée dpace stretches the am‘gina/
gau:mian streams oul into ever thinner éuna’é, which become progredéiue/g more and more L‘igét/y
spun around the center of the problem domain, bhe o watch spring. _As time advances, the
advection problem therefore bocomes progressively more difficulh, and any advection scheme must
wltimately broak down no matter how fine a grid we choose at the outset. We can see this bohavior

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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Figure 2a-b. The phase space distribution function at time 3.0 in the gravitational two-stream instability
problem described in the text. In the upper panel, this advected distribution was computed using the
PPBshear advection scheme on a grid of 128x128 cells, while in the lower panel the PPBé advection
scheme was used on this same grid. The lack of a treatment of subgrid-scale shear is evident in the
central region of the lower panel, where saw-tooth structures arise inside the cells where the internal
shear is strongest. Each cell is represented by plotted values for 16 equal subcells in this display. The
saw-tooth structures would not be evident if only the cell averages were displayed.

in the snap shots shown hore from the [PWshear run on the 512x512 grid. The developing
Jlow is casily resolved on this grid in the fiest snap shot, but in the second, at problom time 0.4, the
Gaussian streams have bocome extromolly thin near the edges of the problom domain, so that their
soparate identities can no longer be maintained by the advection scheme. Vevertheloss, on this fine

ppg,/dt!uecﬁon M/if/Lin /QIQW gad :Z)gnumicd
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Figure 3a-b. The phase space distribution function at time 3.0 in the gravitational two-stream instability
problem described in the text. In the upper panel, this advected distribution was computed using the
PPBé advection scheme on a grid of 128x128 cells, while in the lower panel the PPM advection scheme
was used on a 384x384 grid. PPBé requires 215 flops per cell update, while PPM requires only 109.
However, PPB6 runs at 658 Mflop/s on a 1 GHz Pentium-Ill laptop, while PPM runs only at 492 Mflop/s on
that machine. Thus, while the results of the two calculations are roughly equivalent, the PPM computa-
tion requires more than 18 times the computer time. In 3-D this cost advantage would increase by an
additional factor of 0.6x3, so that PPB6 would be 33 times more efficient than PPM for this problem.

gm'z[ anz[ wif/z f/Lid very accurate m!ueclfion 5c/wme, lf/w:ie two streams are dlfi// we// reso ue([ near L‘/Le
cenler 0/ fAe loroé/em c[omm'n /ér’ f/Le entire a/m'afian o/ f/u'é experiment.

j/w version o/ f/Le /9 /9 /_? dc/teme udecj in f/LL'd ca/cu/aﬁon en/orced a /ooéiﬁw'fy constraint.

ppg,/dt!uecﬁon M/if/Lin /QIQW gad :Z)gnumicd
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W/Len no monofonic[fy constraints 0/ aniy Aiml are a/?p/iec! to If/LL'd Ac/Leme, ana/ M//Lel’l, a gauédian
waue%wm éecomea um’eaog/aééz on f/w med/L, a c/mracferidfic wal/e%)rm s edl‘aé/id/w(! ég If/w action
o If/u':s /Q /9 6 ac{uecﬁon dc/wme. j/u'd c/zaracferidfic signalure of an unreso ueﬁ[ u/ée /La:i its
g P
cenfroic[ n L‘/Le proper /ocuﬁon, a /éufm'e t/mf s guuranl‘eea’ /ér /inear ac[l/ection ég l%e conservalion
o/ f/Le /oque center 0/ mass éy fAe Ac/wme to mac/u'ne roum[—o// accuracy. jAe amp/ilfua/e o/ If/ze
uZie i3 c[iminié/w(!, cma/ f/ze u/ée Jeue/ﬁ; $ wings f/zuf a/L éez)w zero to aéoul‘ 10% o f/Le u/ée
P P ps wing P P
/Lei /Lf in ma nifua[e. Oéci//uﬁoné uéouf zero dfrefc/L out from L‘/L@ u/ée cenlfroia[, éul‘ lf/wir'
g g P
amp/ifuc[e:i z[ie o// exponenfia//y. ,/45 If/w puée continues very, very 54)14//7 to 5/9reaJ out, f/zid
c/mractem’dﬁc wuueﬂrm /oemidfd, s0 t/mf L‘/Lg negul‘il/e z/a/ued never mucé exceea/ 10% 0/ fée pu/ée
/Leig/zf n magnilfua/e no matlter /LOM/ /ar‘ If/Le lau/ée (s propagafea/ f/Lmug/L f/Le me:iA éy f/Lié aaluecfion

JCAQWLQ.

j/w ée/ml/ior- /'udf Jedcriéec[ /ér l‘/w /9 /9 [)7 dcéeme as it éecomed unaéég to correcl‘/y Jedcriéa
L‘/Lg equ/[ng péude dpace a,/idfriéuﬁon /uncﬁan I %uife Aenign. jn conlrast, we wi// see pre:ienf/g
If/mlf ofAer /Lig/L omler' mjuecﬁon Ac/Lemed éreaé a/own n muc/L /eM /m/oraé/e ways W/Len /éalfm’ed
reac/L L‘/Le re:io/éing /imif o/ f/w gm'(j. jlf JZS worf/t nolfing f/ml‘ in f/u'd proé/em, W/Len ina/it/ia/uu/
streams éecome s0 lf/u'n L‘/mlf I%eg can no /onger ée accural‘e/g L‘mcéea/, lf/wy L‘em[ to ée /Zwatec! near
af/zer Juc/L streams, cmc[ f/w streams fena/ to ée mer'gea/ fagef/wr ég L%e ua/uech'an AC/Leme. j/u'é
ehavior can be seen in the snap shols above al problem limes 0.4 an .O. ou e lwo
bol b the snap shots above at problom times 0.4 and 0.6. _Although the ¢
Aepamlfe streams can no zmger ée c[idfinguid/w:! a%mg some o/ f/wir nglf/w, a mergezl stream /Lad
éeen proa[ucec[ L‘/mlf 2] éeing %uilte uccurate/y L‘racéea[ as it moves f/wougA L‘/L@ gric{. ,/45 Jeécriéeo[
em'/ier, I,‘/LL'A /9 /0 Z? ua/t/ecfian dc/Leme conserves 9 momenls 0/ fAe péade dpace c[iél‘m'éuﬁon /uncﬁon to
mac/u'ne muno/—o// accuracy. _/44 a reduﬁ, I,‘/Le Aing/e stream createa/ éy merging f/Le two 5e/3amie,
unreéaZ/ecl streams must preserve a// If/mde 9 momenlts o/ If/ze more comp/ex, unreso uerl structure.
jn our two-stream indfaéi/ify /Jroé/em, If/zid is true exce/alf inéo/a# as errors in lf/Le p/zu:se dpace
o[idl‘riéulfion /uncfion redu/é tn errors in f/Le clendify P in con/iguraiion dpace, w/u'c/z in turn creale

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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Figure 4. The phase space distribution function at time 3.0 in the gravitational two-stream instability
problem described in the text. This advected distribution was computed using the PPMstpn advection
scheme on a grid of 384x384 cells. The contact discontinuity steepening algorithm has infroduced
some stair-step features by enhancing sharp edges detected in the distribution when those edges were
advected in directions near the principal grid diagonals. Although tweaking of the dimensionless
constants that control the aggressiveness of this steepening is possible, the generation of such false
signals is difficult to avoid without eliminating the benefits of the technique. Especially in situations
where these false signals can stimulate fluid instabilities, such as Kelvin-Helmholiz instabilities, one is
better off using one of the PPB methods to make sure that features that should stay sharp do so.

errors in L‘/Le gral/il,‘afiona/ ucce/er’aﬁond, M//LL'C/L are f/Le aaluecﬁon A/Jeea/.fi in L‘/Le Uerﬁca/ c[ireclfion in

our /)Aﬂdé dpace.

M/e can condic{er' L‘/w /Q /Q &Aear redu/éé o/ If/Le two-stream indlfaéi/ilfy laroé/em on f/w
512x512 gria/ f/mt are /oreéenfea/ aéaue to ée repreéentufioné 0/ f/Le exact éo/ul‘ion 0/ f/u'é dumpé
proé/em, since If/zeg are a/emomlfrué/y /ur more accurale ann any we WL'// predem‘ éeZ)w. §/4f f/w
same time, it is c/ear /évm f/te reau/%d :5/lOWI’L /Lem lf/mf f/Lere s a convergence o/ L‘/Le r’eau/%d o/ If/u'é
anc[ I%e olf/wr' aa[uecfion dc/Lemeé as f/Le gric[ I2] progredai(/e/y re/énea[. gt/tdence o/ L‘/ml‘ assertion %)r
L‘/Le /9 /9 ﬁi/war 5c/wme s giuen n L‘/Le /ina/ /ume/i jigm'e / Z w/Lere redu/%é ﬂ'om running f/Le same
/waé/em on a muc/z coarser gm'a/ o/ on/y 128x 128 ce//é are aéawn ée/ow f/wde oél‘m’neo/ on f/ze

512x512 gm'a/. j/ze //ow i3 a,/id/o/ayea/ at a /oroé/em time of 3.0, W/LL'C/L we use %)r comparing
redu/éd /4*0;% lf/Le /éur c[L//érenlf aJuecﬁ'on éc/wmed a/idcuédea/ in If/LiA paper.
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j/u'd conc/mled our L'nfma/ucfion 0/ t/w /JAydica/ /aroész f/mt we M/i// use to test una/

z[emondfmlfe our aa/uecfion dc/temed in lerms o/ éalf/t accuracy ana/ per%rmance. j/w two-stream
indfaéi/ify program, w/u'c/L IZ3 auai/aé/e /ér c{ownénwl at www./cde.umn.eJquo—éfream—fedf,

measures a garif/Lm per/érmance é% caunfing //0/95 execufea/ ano[ éy meaduring l%e time re%uirec[ to
/aer/orm gria/ u/aa/afed via many re/)eafea/ ca//é to a gm'a/ upa/ufe program compi/ea/ info a jorfran

ibo[)o[ /@eauéj ﬂom L‘/Lede measurements on a M/L'nalowd 2000 /apfop compufer wif/L a 1
ﬂz jnlfe/ moéiéz /9 enfium—jjj Cp U wif/L a 128 J(g cac/ze memory are given in l‘/uz
4 7
L‘aé/e éeZ)w. ,/4 5econa/ L‘aé/e s inc/&w[er! wilf/z redu/%d /&om my waeg/e-year-o/J ’5 new Jeéél‘op
com/nufer. j/u'd mac/u'ne i3 WLI/tC/L /adfer, even tAaugA it cost 5 times /edd. jf Aud a 2.53 gﬂz
jnfe/penﬁum—4 C/QZ// ﬂwt a )(eon mocle/i dince /Le IZ] on/y /2/. j/Le /)er'/ormance numéem /or
L%L':i mac/tine were oélfainec[ wif/t jor’fmm o(bofopé compi/ec[ /or If/te ear/ier /9 entium-3. j/ze //Of)
counts r'e/ér to a ding/e gm'J ce// u/ac[ufe /ér 2—23 ac[uecfion. ,/4// compufafiond were per/érmec[
with 32-bit arithmetic, which vectorizes when expressed approprialely in _Fortran under the Fnle
th 32-bit arithmetic, which vect hon exprossod appropriately in Fortran undor the Intel
jorlf%m 5.0 compi/er /u/féoug/L a/m'ing its a/eueZ)/amemf f/LL'd program ex,)o:iec[ a numéer o/
inferedfing éugd in L‘/Laf compi/er im/oZ/ing duémuﬁne in/ining /c[on,f use ilf/ ana/ If/ze treatment o/
a[ynam[c arrays éeginning wil% negafil/e inc!ex ua/ueé /c[on}f use f/wm//. m//op/d per/érmance
re//ecl‘é l%e re/oeafea/ cu/éi to L%e gria/ upa’ul‘e /uncﬁom, WAL.CA f/wre/ore ala not neec[ to a/o as mucé

main memory access. Hhis moasurement stratogy gives a botter idoa of algorithm performance on
machines with larger cache memories, where none of these schemes reguire much main memory
traflic. Wflopls ave largest for algorithms that involve very little logic, such as the PIPIS schomes
without monotonicity or positivity constraints. [VOIS schemes involing positivity constraints, which
are alll that is appropriate for this two-stream instability problom, are lubeled in the table with the
suflr ‘pos.” The PPN scheme with its contact discontinuity steepening alyorithm activated is

/aéeézrj 79 /9 Wdf/on. ’ j/ze dc/zeme /aée/etl ‘%J(’l// :b ’ s a /é%f/L-orc/er in dpace, If/Lira/-orc[er in
time % unge—J(uflfa 5c/wme L‘/Laf I%3 uéec/ /air/éf wio[e/g in f/Le mefeomé)g[ca/ communil‘g, éut /Lere it

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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IZ] iml)/emenlfec[ in a deries 0/ / —iZ) passes, M//LZC/L greaf/éf en/wmced its accuracy, A/Qeec!, am[

stability.
Mflop/s | Flops/Cell | Adds/Cell | Mults/Cell | Cvmgms/Cell | Recips/Cell

PPM 712 109 58 46 27 2
PPMstpn 520 149 83 61 35 2
RKV1D 669 87 50 37 19 0
PPB6pos 658 215 101 108 39 2
PPBpos 815 388 190 192 55 2
PPB6ShearPos | 619 526 258 256 77 4
PPBShearPos 661 928 459 457 110 4

The above fable gives dara for aavection scheme performance on a 1 GHz Pentium-lll lapfop with 128 KB cache.

Relative | Relative Relative Mults/Cell | MCells/sec | Relative

Mflop/s | Flops/Cell | Cvmgms/Cell Cells/sec
PPM 1.08 0.12 0.25 46 6.53 9.17
PPMstpn 0.79 0.16 0.32 61 3.49 4.90
RKV1D 1.01 0.094 0.17 37 7.69 10.80
PPB6pOs 0.995 0.23 0.35 108 3.06 4.30
PPBpos 1.23 0.42 0.50 192 2.10 2.95
PPB6ShearPos | 0.94 0.57 0.70 256 1.18 1.66
PPBShearPos 1.00 1.00 1.00 457 0.712 1.00

We see that the PPB6pos scheme, given that it is as accurate as the PPM scheme using 3 times as many cells in
each dimension, is, in 3D, 38 times more computationally efficient than the PPM scheme.

ppg,/dt!uecﬁon M/if/Lin /QIQW gad :Z)gnumicd
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Mflop/s | Flops/Cell | Adds/Cell | Mults/Cell | Cvmgms/Cell | Recips/Cell

PPM 1621 109 58 46 27 2

PPMstpn 1270 149 83 61 35 2

RKV1D 768 87 50 37 19 0

PPB6pOs 1428 215 101 108 39 2

PPBpoOs 1604 388 190 192 55 2

PPB6ShearPos | 1165 526 258 256 77 4

PPBShearPos 998 928 459 457 110 4

PPB6 1848 140 69 /1 0 0

PPB 1929 255 121 134 0 0

PPM hydro64 775 984 481 442 269 16

PPM hydro32 961 964 471 434 265 16

PPM Slow 1317 699 303 256 144 20
Flow hydro32

The above fable gives dara for aavection scheme performance on a 2.53 GHz Pentium-IV deskfop PC purchased
at ComplUSA for just under $1000. The schemes were compiled for the Pentium-l with the Infel 5.0 Forfran
compller. All, except for "'PPM hydroé4, ” use 32-bit floating point arithmetic, which delivers all the accuracy
that could possibly be required for an aavection or a hydrodynamics compuration with these schemes.

e data given in the second table above performs a comparison of the various advection
schemes in terms of 2-2D grid colll update speed, measured in Wleelli/sec, in terms of Wilop/s,
and in torms of the number of flops required to perform a 2-2D grid coll update.  Unfortunately,
accuracy comparisons are subjoctive, but we have soon that the [PBpos scheme is very nearlly as
accurate as the PPN scheme wsing 3 times as many grid colls in oach dimension.  he
RKUVIZD scheme is a little bit more accurate than PP, but it has a stencil of 19 grid colls

/ng./dt!uecﬁon M/il%in ppw gad :Z)ynumicé
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Figure 5a-b. The phase space distribution function at time 3.0 in the gravitational two-stream instability
problem described in the text. In the upper panel, this advected distribution was computed using the
RKV1D advection scheme on a grid of 384x384 cells, while in the lower panel the PPM advection
scheme was used on a 384x384 grid. PPM is slightly less accurate and requires a bit more computation,
but it has a very much smaller difference stencil, requiring data from only a third as many grid cells on
each side of a given cell (namely 3 instead of 9) in order to update that cell.

in eac/L / -ib dweep, com/aarec[ to /9 /Q W; dlfenci/ o/ 7 9#&[ ce//é. j/u'd /arge 5Ifenci/ Ifenald to
infroc[uce a very /Lig/L cost in a paru//e/ imp/emenfalfion on a a/idfriéufea/ memory compufing
p/af/orm, ana/ Aence l%e %J( /l// iZ) Acéeme is not cl/iécudéea/ /Lere. jar f/u'd proé/em, f/w contact

c[idconﬁnuify dfee/?ener in If/ze /9 /9 den Acéeme /aroc[uced Jome 5tair—5fe/7/9[ng 0/ m'ﬁ/écia//y
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Atee/aenea/ gma/ienfé, a //aw o/ I,‘/LL'A sort o/ Ac/Leme %)r I,‘mm/mrlf at nem’/y 45° 1o fAe med/L L‘/mf 5
/Lara/ to remove wilf/wulf e/iminafin a// Aene ils o f/ze a/idconfinuif steepening.
9 § dteepeniing

It should also be noted that, although we have not shown the resull heve, adding to the
PPL6pos schome the treatment of grid coll shoar that was discussod oarlior oliminates the slight
offocts of grid coll shoar that are apparent in the figure shown carlior. Mowever, those resulls are
not shown here, since the improvement does not appear to be worth its cost.  he most common
application of an advection scheme is for it to bo embedded in o larger computation. his larger
computation will generallly produce the velocity fheld for the advection. Wt hydrodynamic
methods will involve unavoidable numericall viscosity offects which limit the extont to which subgrid.
scale shear can play a meaningful role in any advection computation using the computed velocity
Folld. For this reason, we have not dwelk in dotail here on the alyorithm mentioned carlier for
treating subgrid-scale shear. here is not space to show all the various resulls off alll these diffforent
advection schemes here, but the reader is invited to downtoad the two-stream instabillty program
from the LCSE Web site and to run any experiment with it that he or she desives.  The tost
program is written in Visual Basic 6.0, calling Fortran DDLs embodying the various
schemes, and it showld run on just about any Windows machine. Exporiments take only a fouw
minites cach, although the run prosented here to show the converged behavior on this problom ran
overnight on my laptop machine. he wser can pllay around with difforent physical parametors for
this two-stream instability problom and discover a weallh of intoresting bohavior.
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/é eéu/td Ar f/Le p p 66 _/4cluecﬁon &Aeme gméealz[ea/ ina p /9 W Gaé :bynumicd Coz[e

The moment-conserving advection schames discussed hare have boon doveliped with o
principal applications in mind.  First is the advection of a distribution function of particles in a 4-
or 6-2D péude space. I such an a/a/o/icul‘ian, the advection has very d/wcia/ properties. _/4/ong
cach grid strip in any of the 6 dimensions, all grid colls move at precisely the same velocity in
procisely the same direction. Hhis fuct can be exploited to collapse some of the computation
involved in the POIS schemes and thus to make them more cost effoctive. _Abso, for such
applications a simple constraint the the particle distribution function be positive is sufficiont, so that
the PP schemes can bo made more cost offoctive still. Glven the high dimensionality of these
probloms, these simpliflying foatures are very wolcome. Ao, the high resolving power of the
PP schemes is woltome, since without this property the number of grid points required to span the
appropriate regions of a 6-dimensional phase space would be prohibitive. Given the accuracy of
the PP schemes and the expectod clumping of the particle distribution function in limited regions
of the velocity dimensions for, say, simulutions of normal spiral galuies, it should be possible to
obtain an adeguate description with onlly 20 to 30 grid colls per velocity dimension. Since the
PPL6 scheme with positivity constraints executes on a 2.5 G Mz Intel Pontiwm-4 CPUY at
over 1.4 Cllop/s, it should bo practical on modemn supercomputors to wse up to 10 billion grid
cells. his would allow 20 colls in cach of 3 velocity dimensions and 100 colly in each of 3
spatial dimensions, with 2 billion colls loft over.  he computations of the two-stream instability
problem we have just seon on 128128 grids give some idea of the resolution we would be ablle to

acAieue n dl/tC/L a ca/cu/aﬁan.

jAe decana/ fargetea/ a/op/[caﬁan %)r tAe /9 /9 Z? Ac/wmed 1%} aaluecfian o/ edlneciu//y imporfanf
Um'iaé/ed wilf/tin //uia/ a/yrmmicd Jimu/afiond. Suc/z a dpecia/ uuriué/e cou/a/ ée f/ze enlfropg, or, as
L‘/Le melfeoro/ogialfd ca// it lf/Le pofenfia/ Ifemperul‘ure. ,/4/40, u/ina/ éome po//ufanlfé or c/zemica//é;

reacf[ng trace concentrations cou/n[ ée 5MC/L dpecia/ uum'aé/ed. % parﬁcu/ur/éf inferedl‘ing pofentia/

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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ap/g/icaﬁon is to use fAe /9 /9 /_? or /9 /Q /_?6 Ac/Leme to mll/eclf f/Le %ucﬁona/ l/o/umed o/ Lﬁ/%zrenf gases

in muﬁL//uit[ gas Jgnamicé proé%zmé. j/wde ﬂacfiona/ t/o/ume l/am'aéézd p/ag a 5pecia/ ro/e

(leéem/in o /Li /L/ accurale treatment éecaude l‘/w lfenc[ to c[e/ineafe mu/éi /uic[ interfaces w/Ler'e a

7 9" 7

uariel‘y o/ //m'a/ indfuéi/iﬁed c[ez/e/a/a L‘/Laf can pra//ouna//y u//écf fAe g/oéa/ a/el/e/épmenl‘ 0/ a //uia’

/ow. Mumerica/a/[ usion al L‘Aede interfaces is es eciu// to ée auoia/ea/, since it is nol on/
peciatly y

unpégdica/ éul‘ it aZio can pro/éuna//y aﬁer If/te dimu/alfea/ //ow ée/mt/ior'.

o[)iée If/Le goé‘zmunn ﬂw ,l//adou/ e%uaﬁon /woé/emé o/ dlfe//ar Jynamicd clidcudder! uéoue,
azll/eclfion o/ //m}[ %’acﬁond n gas a[gnamicd /aroéézmd in(/oz/eé certain 55mp/ﬁ/&caﬁond L‘/ml‘ lfenc[ to
counter f/Le Ofenfiu/ cost of usin L‘/Lg /O /9 Z? écéemeé. jﬂ most 5uc/L roé/em:i we Anow t/mf n f/Le

P g P

vast éu/é o/lf/ze gm’J ce//é n t/Le dimu/alfion f/Le //u[a/%ﬂacﬁon (/ariué/ed wi///mue e[f/wr If/te I/a/ue 0
or 1. jn JMC/L regiom f/zem (s rea//g no woré to (lo. ./4// f/w compulfalfiona/ /aéor n :mc/L
acll/eclfion /woéézmd can ée concenfrafea[ on L‘/L@ mu/éi//uic[ inter/ace anc[ mixing regions, w/u'c/L are
/iée/y to occupy on/y a 5ma//%acﬁon o/ t/w proé/em c[omm'n. y/u'é dpecia//éature 0/ mu/%[//uial
aJuecﬁon can recjuce not on/y If/w com/amfaﬁona/ re%uimmemfd éuf aéio If/ze memory re?uiremenfd.
jn any ce// u//Ler'e L%e //uia/ %acﬁon i3 eilf/wr Oorl ﬁ/ze vast éu/é o/ If/Le ce//é/, L%ere s no poinlf n
5Iforing any /Ligé—om!er momenlts o/ f/Le c[idfriéulfion.

The koy concern for wsing an advection scheme such as PP or PI6 for mullifluid
problems is numerical diffusion of the mullifluid interfuces.  Mullifluid gas dynamics has for
many docades boon pursued either by wse of Lagrangian coordinates, in one form or another, so0
that numerical diffusion of mullifliid interfaces vanishes, or it has been pursuod wsing intorface
traching tochnigues of one type or another. We will not discuss Lagrangian technigues, since
they mahe lttle sense in 3-2D wnloss the flow is of such a character that it is basicallly 1-2D in
any ovent. Intorflace traching techniques attompt to introduce subgrid-scale information about the
configuration of the fluids in mixed colls. The demand that the reconstructed mullifliid intorface
bo infinitelly thin in such approaches introduces the potential for a varicty of numerically generated
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g/ifc/zed, since al If/w dcaéz 0/ a gm'a/ ce// If/w repredenfaﬁon o/ f/Le muét//uic! inter/ace, or al Zmdf its

numem'ca/ treatment, éimp/é/ cannol ée Amoolf/t.

We adopt heve the philosophical position that a grid coll vepresents a sort of quantum limit
for a numerical simulation, and it therefore does not make sense to construct oluborate and detaitod
representations of a grid collls interior. One might objoct that by, potentially, prescribing up to 27
moments of the subgrid-scale structure we are violuting our own phitbsophy. Mowever, these 10 or
27 moments serve onlly to dotermine a smooth, intornal structure, with no sudden intornal jumps
and, in the 10-moment case, with the charator of a simple parabolu along any particular ine
through the grid coll. Our large quantity of subgrid-scale information sorves onlly to make the
detormination of our smooth internal representation of the function highlly accurate. We do not use
this information to insert into the colll interior sudden jumps or any other truly subgrid-scale foature.
Using PPIS or PPIB6 to describe o mullifluid intorface through the aduection of the luid
Praction will therefore resull in the smooth smearing out of the mullifluid intorfuce so that it
bocomes roughly one or two colls wide. Mis is appropriate, because our view of the grid cell as
guantum limit argues that to make the interfuce thinner would be meaningless. We wse the PPIS
scheme to advect this interface with great accuracy, so that it does not rapidly grow thicker.
Monce a critical tost of the value of this approach is to see ifl such intorfuces, where a variable
advected by the PPIB6 scheme (the loast accurate of the PPB fumily we are discussing) jumps
over one or two grid colls from the value O to 1, remain this shanp over the course of a long and

comp/ex //uia[ //ow dimu/alfion.

j /Laz/e a/ecic[eo[ to Jedign :iuc/L a lest 0/ /9/956 ua/t/ecﬁon u/it/u'n l%e c/addic wina/ fumw/
5£mu/aﬁon pmé/em f/wtf was ariginu//y introa/ucec[ éy gmer% in 1967 ana/ WAL'CA j a/iécudéeol at
great /engf/L in my 1980 ana/ 1984 ar'l,‘ic/ed wifA /O/LL/ C)o/e//a. jn If/u':i 2—:2) gas a/yrmmicd
proéém, atr /or any of/wr* gamma-/aw ga:i/ enlers a 2—:b c[ucf, or win(l lfunne/i dupemonica//y at
L‘/Le éﬁ, L‘ruue/é c[own f/Le c[ucf, 5lfm'éing am! /é)w[ng arounc! a /orwura/ /ucing 5fep on its way, ana/
/é)u/d out o/ l%e a/ucf éupe%onica//y at t/ze rig/Ll‘. j/w supersonic //ow—in éounc[ar'y cana[ifian at f/w
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/eﬁ IZ fm'l/ia//éf impézmenfea/, I,‘/Le dupersonic ouf//ow al f/ze rig/Lf 3 aZSo eadi/éf fr'eufea/, am! f/ze wa//g
o/ L‘/Le Jucl‘ are mo«!ezzcl as impenefraé/e, f/wr’ma//é/ indu/alfing, per/écf/éj re//ecfing dur/aced. jn
e tdcussion wi L olella, we poinled oul thal the corner o e slep in his win
the 1984 d, th Phil Cololla, we pointed out that th the step in this wind
funne/id a :iingu/ar poinf, WABI"B f/Le gas is L'm/ifea/ to turn a corner indl‘ant/g -a /éul‘ L‘/ml‘, a/%/wu?/L
/aoddié/e in f/wory, I2S impoddié/e in /Qr'acl,‘ice /amz/, /or If/mt maller, aZio impoddié/e in rmfm'e/. jn
omler to maée 7 (!L’//eremf numem'ca/ 5C/Lemea a// converge toa dingéz re:m/% on grialé If/mf L‘oc[ay seem
/ua[icroud/y coarse, we z[eciflec[ to %)r’ce f/ze /é)w do/ufion at L‘/w corner o/ f/Le dfep to ée/mue
‘}woper/y. 0 jn f/Le fest program im/a/emenfec{ /Ler'e, j c{o not a/o unglf/u'ng 5/9@0[&/ at Zf/Le corner o/
L‘/w Afe/o, /eauing L%e numem'ca/ 5céeme to generufe enl‘ropg L‘/Lere L‘Arougé L‘/Le aclion o/ numem'ca/
Uidcodify. j/u'd creales a éoum[m'y /ayer' a/ong If/ze Ifo,) o/ f/Le dfe/?, ana/ f/Le predence 0/ If/u':i
éouna/aiﬂg; /élyer, o/ numerica/ origin, pro/ouna//g a/%chd If/w macroécopic //ow ée/mz/ior'.
Meuerlf/wézdd, l%e dimu/alfecl /K)w converges as lf/w gm'c! I%] re/inec{, ana/ it is inlfere:sfing to dpecu/ufe
w/wl‘/wr' or not f/u'd cam/er'gec[ do/uﬁon reloredenfd a /imif o/ %Lwier—&oéed viscous //owé as L‘/w
Uidcodilfy fenald towm'a/ zero. ﬂoweuer, f/Le:ie c!efaiéf are iw'eZzuunf to our a/edire ana/ aéi/ify to test

L%e capaéi/ify o/ If/ze /9 /9 /f?é cu!l/ecfion écéeme to Aeep mu/éi//uia/ inlfer/aced d/mrp.

j/w /Q /Q g@ ow[uecl‘ion 5C/L2WL€ /mé éeen éui/f into l‘/w /Q /Q W gas c[gnamicd cocle rurm[ng L‘/w
wina/ fm/me/ test proé/em. _/4 grap/u'ca/ user inter/ace o/éring rea/ time interaction ana/ a/idp/ay
Aad éeen ém’gf as a /I/L':ma/gadic 6.0 program w/u'c/z ca//é fAe /Q/QW ana/ppgé coaled fAroug/z
jorlfmm :bo[)o[ii compi/ea/ um!eiﬂ f/ze jnfe/ jorlfran 5.0 compi/er. j/u'd Joﬁware, aml a
a[el‘aiézc[ uder guic[e to fAe coc!e, IZ] uuai/aé/e /ér c[owné)aﬁ[ /é'om f/w chg M/eé site al
www. cée.umﬂ.ec[u/wina/funnez _/d/féaugé f/u'é user infer/ace appears to 0/%3# a/é‘ernaﬁue gas
c[ymzmicd dcéemed, on/éf l%e c[e/&m/% de/ecfion, 32—4&‘ z/ecfom'zea/ /O/QW u/it/L /Q/Ogé, w[// operafe
/ar'o[)er'/y /my apo/ogied/. j/u'd aa/(/ecﬁon proéézm, M//LL'C/L Aa:ﬁ éeen cl[dcuddecl at /englf/t %)r one
Afaecia/ case in M/oozlwumj ana/ Co/ﬁz//a 1984 ana/ W/Lic/L 2} Jidcudéec[ ina ralf/wr Ji//érenf aé/u'on
%)V an inl‘enc{ec[ avw[ience o/ Uniuemil‘y o/ m;/meéol‘a /ﬂe:i/mwn in l‘/w Wna/ junne/ Mier’d
gm'o/e, can ée 5uéél‘anﬁa//y maa!i/iec[ l%r'oug/L fAe pmuic[ea/ user infer/ace. j/w redu/éing //ou/
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w. 2-[} Eulerian Gamma-Law Gas Dynamics Experiment

m N xDGnd Cells | “ :\S' Gn:Cel:ls Ii “ |
“ ensity | m tep Height M Tiles m |
Pressure | “ N Before Step I— — |
m H-Velocity | “ Mach Number |7

“ Y-Velocity | “ Gamma “ m |

X
0625
1

0625 m
1875
3125
3

0625 m
4375
4

mMAx—wm OFm3

5
L,
0625 ﬂ
6875
5
8125
7
0625 m
9375
i

t=0.1202 -0.07315 = Min Max = 11.16938
Yol Fitle op

s information, j > 'gettitle’ button atthe top middle of this form.  Please note that the

ée/m(/iom are /adcinafing, éul‘ irre/et/anlf to our concerns /Lere. z ma/ze If/w of/terwide éom'ng inilfia/

(leue/opmemf o/ f/Lid winJ Ifunne/ //ow more uidua//y excifing, j ac[c/ec[ a :i/Lear' /ager in lf/ze c[uclf,
w/u'c/z can ée repad[h’onea/ ana/ moa,/i/iea/ L‘/woug/z l%e “_/doluanceo/ &L‘up ’ éuﬁon on L%e user
infer/ace. j aéio aa/a/ea/ 8 user con/égumé/e streams 0/ dmoée w/u'c/L enler If/ze a/uct L‘/woug/L If/ze
éz%f—/wma/ éoumlary. j/wde :imoée streams are paddiue/y uz[t/eclfez! wilf/z L‘/w //ow, ana/ If/wy are
az!ueclfez[ ég L‘/w /O /9 g@ 5c/wme c[edcm'éea[ at greal‘ ngf/L ear/ier.

j /wu/e c/wéen a Wina/ furme/ proé/em f/mf exercises f/Le /9 /9 /_?6 aa/l/ecfion éc/wme eépecia//y
we//i inc/m{ing fe:iﬁng its ée/muior' fracéing infer’/aced caug/Lf up in cleue/ol)ing J(e/uin—ﬂe/m/w/éz
indlfaéi/ilfied. j/w dmoée streams near If/ze oulset 0/ If/u'a proéézm are d/zou/n azmg wilf/z f/ze user
infer/ace confmZi n f/ze /igure at L‘/L@ fop o/ lf/u'é page. »/4&0 enters I%e winc[ funne/ at l‘/uz /e/% at
WdC/L 4. j/wre are 8 streams o/ 5moée, in:iia/e eac/L 0/ WAL'C/L t/ze %acﬁona/ Uo/ume l/am'aé/e f/mt
we aa/uect M/L'If/L p /9 /_?6 /md If/ze ua/ue /. 7/{/e gene;ﬂulfe a Amoée (/idt/m/izaﬁon ég rena/em'ng an
image 0/ If/Le /ar'oa/uct o/ t/u'é :imoée %"acﬁorm/ (/o/ume am[ If/ze a/endity o/ f/Le air. j/Lere/ore, /or
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exam /e If/Le a/e(/e/o n éow
ple, ping

shock in %ﬂonlf 0/ the slep is
cloarly seon by the sudden
brightening of the  smohe
streams that pass through
this %ﬂont‘. jo add z/ima/
intorest, the initial donsity
inside the wind tunnel was
given a smooth variation,
assuming its smallest value,
1, at the lower Lft corner,
and its largest value, more
than 2, at the upper right
cormer.  The air entoring
the wind tunnel, however,
has a wniform density of 1
in the bottom 3/8 of the
duct width and a uniform
density of 1.25 in the upper

5/ 8. j/w Wac/z numéer
0/ I,‘/Lid em‘em'ng air (5

euerywéere 4, 30 t/mf t/w a/enéer, u/o/wr atr (s frm/e/ing /856 ra/ﬂa//y JOW}’L l%e JM,CL

j/Le L'niﬁa/ pressure ana/ a/endity miﬁmafc/wd a/ong If/te wina/ fumw/ enlrance cause, a ong its
enltire émgl%, 5/Loc/<'5 to run into If/Le enlfering atr amj rare/aclfiond to run into f/Le acr origina//g in If/w
c[ucf, Zmuing contact a,/idconf[nuilfied at tAe orig[nu/ Z)caﬂon o/ f/Le entrance in lf/w in//owing acr.
jAeée f/wee wave ﬂonl‘é can ée a/idl,‘inguid/wa/ %om l%e ééac[e varialions in L‘/Lg 5maée streams in f/Le

/ng_/dt!uecﬁon M/i%in /pr gad :Z)Wtumicd
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Jorst figure of this sequence,
which shows the flow at time
0.12.  Locawse of the
slower flow down the duct in
its upper 5/8, all three of
these wave fronts jog to the
lofk 3/8 of the way up from
the bottom toward the top of
the duct.  The dovelopment
of this wind tunnel Ylow, as
visualized by the 8 smoho
streams  advected by the
/9/9[?6 met/wa/, is shown in
the image sequence on this
and the nest fow pages.
hese images, which, excopt
for the [fiwst one at time
0.12, show the flow at time
intorvals of 0.3 (heginning
at time 0.3), come from a

5£mu/aﬁon on a gria/ o/
1024512 coll,  for
w/u'c/t eac/L o/ f/ze enfering dmoée streams is 32 ce//é M/L'a/e.

j/Le imageé /4*0;% If/ze 1024 x512 dimu/alfion giue a sense o/ L‘/Le “correclf ’ //ow ée/mt/ior;
L‘/Ley are not inlfenc!eo[ to AAow o// l%e accuracy o/ lf/ze /9 /9 g@ aa/uecfion. Weuerf/w/edé, one can
mam/e/ al l‘/ze entrainment o/ fAeée :mee streams in l%e many vortices, éOtA 5mu// oma/ /m'ge, I,‘/mt

/ng_/dt!uecﬁon M/i%in /pr gad :Z)ynumicé
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develop  within this flow.
Ao, the dofinition of the
very thin streams of smoke
that resull from the strong
shear associated with the
double Wach refloction of
the bow shock at the upper
wall of the duct s
exceptional, he tracing of
the strands of  smohe
entrained in the vortex at the
tip of the jot that squirts

/él"WdI"J a OVL? tAe u/a/aer'

wa also poses a slron o N
U o poses . sirong
c/m//enge to any aa/ueclfion dc/teme. W/mf s aéao/ulfe/éf uédemf %ﬂom L%eaa imaged (s any nolficeaé/e
a[i//udion o/ f/w ec/ge:i o/ f/ze dmoée streams. jo dee f/mlf duc/L a[i//udion I%} Ifru/y aééenf, we must
examine runs 0/ f/u'é same comla/ex //ow proé/em on muc/L coarser gm'a/é, w/Lere any errors wi//
appear muc/z more g/am'ng/y to f/Le eye.

j/Le imageé n If/w dequence /'ualf (!L'dcuédec[ are generalfezj ég repmdenlfing eac/L gria/ ce// wilf/z 4

subcoll values.  hese values are intenpolated for the smohe fractional volume using the moment
data, carofully constrained in 2-2D to lie in the range from 0 to 1. The density values in the 4
subeells come from PP cell average data that has been intenpolated with the PP algorithm
in both the x- and y-dimensions. The bohavior of the subcoll donsity distribution is not constrained
along the coll diagonals, s0 it is possible to obtain small negative density values from this

infer/oo/ufion pr’ocedé. j/wée were l’LOt I’QWLOI/QJ, since t/LZg a/opear dt FOM?/L/% t/Le /% /eue/ﬁ dl’LJ L‘/Ley
JO not marr t/l,e uiéua/izaﬁond. ﬂoweuer, L/ we are tO adsess tAB Peéo%/iﬂ? /JOW@I” 0/ t/LQ ppgé
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acjueclfion in L!elfai/i it is éedf
lo c/mnge lf/te winz[ L‘unne/

éimu/afion program 3o f/mlf

onlly coll averaged vallues
are displayed.  His will
o help ws to soe the
individual grid colls in the
resulling displays, and thus

to assess more pwcide/y fée
ée/u,wior 0/ fAe aa/uecﬁon

JCAQWLQ.

Ty soe cloarly what
the  PPBe6  advection
scheme is doing at the scale
of individual grid collh, we
need to reduce the resolution
of the wind  tunnol
simulation.  Oh this page
and the next are a series of

5moée visualizations n

w/Lic/L on/y gm'c[ ce//
averages 0/ f/Le /oroa/ucf 0/ f/Le a/enéilfy oma/ fAe %acl‘iona/ z/o/ume 0/ dmaée are déown. jAe gm'c[
Mecj in f/u'd dimu/alfion is 256x 128 ce/é, una/ it is /Joédié/e éy care/u/iﬂdpecﬁon 0/ L‘Aede images

to picé out If/Le ina[iuia/ua/ ce/éi. ./415 If/LiA gria/ redo/ufion, eac/L dmoée stream enters lf/Le Jucf al lf/Le
/eﬁ precide/y 8 ce//é wic[e. jﬁ/wugé a 5£mu/afion ona 128x64 gria[ wou/c! muée fAe [nc[iuicl/ua/
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cell values cloarer (see the next
st of images) ils smohe
streams, at only 4 collls wid,
would pose an unreasonable
challonge to the ~advection

JCAQWLQ.

The third image in this
soquence cloarlly shows that the
smoke stream nearest to the
wpper wall of the duct is
dhoared and comprased into
stream loss than 2 cells wide

w/u'c/z I2] frand/aorfecl/ in a

Awir/ing //ow wif/wut /OM o/
Jeﬁnifion. j/u'd ée/mt/ior o/
f/w /9/9 g@ aa[t/eclfion dc/wme
s remaréué/e. One mig/d‘
argue f/mlf f/Le loalf/L frauerdea/
ég If/u'é dmoée stream is ralf/zer

5/LOI"t, do lf/ml‘ o[i//udion c/oe:i not
Aal/e s0 /ong to act in

spreading the stream out, but

the various smoke streams do not appear to become much loss distinct as they travel down the length
of the wind tunnel) they onlly become dimmen, since the gas density decreases in this region. In the
Jilth image of this sequence, the smohe streams are sheared into thin strips that are onlly one coll
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wia/e ana/ f/mt are Aeparalfec[ Ay on/ one ce/z jf (s Ifru/y remaréaé/e l‘/mf f/Le:Se f/u'n dfm'/od remain
Jidlfinclf unfi/ f/Le are crow:jec[ to et/Lel" even more c/ode/ If/mn L‘/Lid.
¥ V 4

jn f/Lid coarser /ow 5imu/ufion a minor /aw, cauéec[é /me anz[ not é /9/966, s ver
¥ ¥ A

nol‘iceaé/e n L%e deconcj cma/ f/u'ro{ L'mage:i 0/ l%e dequence. j/u'd s a ém'e/ dfretc/L 0/ éez/era/ 0/ l%e
Amoée streams f/mf a/e//e/O/a:i a zig—zag 4/Lalae aﬁer pudding f/Lroug/L f/Le éow d/wcé. §/4n examinalion
at If/u':i poini n If/ze /oroé/em o/ f/Le a,/idlfriéufion o/ fAe Uerficu/ componem‘ 0/ Ue/ocilfy ret/eu/é l‘/mlf L‘/Li:i
/Lad Jel/e/o ezj a érie region o odci//afmﬂ ée/muio# fust ée/u'ml If/w éou/ A/Locé. j/zid s a numem’ca/

P g y y

inéfaé[/it rst ic[enfi iec{ in m ar'fic/e wif/z Co/e//a in 1984. jf s caudec!é a d/ow/ movin.
4 ¥ ¥ ¥ 9
stron ééocé ront f/mt s near/ a/i nea/ w[f/t f/Le medé. jﬂ 1984 we ca//ec[ fAié inéfaéi/il‘ a

7 ¥ atty 7

C)r'uy indtaéi/ity, éecaude at If/w time one neea/ea/ to own a Cray Auper‘compufer n ora/e;ﬂ to per//orm
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Close-up views from time 1.8 of the run
on the 1024x512 grid. Each original
pixel is slightly larger than a arid cell.

Aimu/aﬁom on du//icienlf/y ﬁne me:i/wd to see it c!el/e/op.

ﬂere, in 2002, it /Lad c[eue/i)/aea/ c/ear/g on my /apl‘op

mac/u'ne. WOW lf/ml‘;progredd./

jn 1984 we icl/enﬁ/ieo/ fAe cause ano[ a da/ufian
%)r If/zi:i indtaéi/ity. jn f/Le /or'edenf version o/ppw a
5&'// more e/%zcl‘iue %)rm o/ If/LiA do/ulfion approac/t /md
éeen imp/ementec[, w/Lic/L exp/uind W/Ly f/Lid o:sci//afory
ée/ww[ar 0/ t/ze padf—d/wcé ueé)cif% /ée/a/ c[eue/olné on/g
ém’e//y al one time am[ /ocaﬁon n f/LL'd /Jr'oé/em. &Ifﬁny
L%e coe%cienf o/ L‘/Le smart a,/i//uaion in /9/9 W a éil‘
/urger, %’om its cle/augf l/a/ue o/ 0.3 to, say, 0.5,
comln/efe/ e/iminafeé f/ziﬁ ée/mz/ior. ﬂou/ez/er, it cl/oeé Jo
at f/w cost o/ dpreaa/mg oul If/w éow Alwcé s0 If/mf If/ze
Je/énifion o/ L%e reéu/é‘ing 5o/ufion (s zjegma/ec[.
j/zere/ére, j /Lal/e c/w:ien to /it/e wilf/L If/LL':i //aw. you
may c!ecic[e ol%erwide, a[ownémc[ fAe winc! fumw/

program, cAange l‘/w a!i//udion conéfanf, ana/ com/aul,‘e
away L'/you pézade. jn any euenf, If/u':i zig—zug ealure o/
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If/Le Amoée streams is a numerica/er‘ror, ét/tf it is not an error o/t/w /9/9/_?6 Ac/Leme, it is an ervor o/
L%e /9 /9 W 5céeme, WAL'CA is not unt[e# a/iécuddion in If/u'a paper.

It is worlh noting that the oscilluting velocitios should sot up sound waves that should
propagate throughout this post-shock flow. Mowever, they do not propagate away from the
immediate rogion of the shock front.  The reason for this is that their wavelongths are too small,
ahout 3 or 4 colll, to avoid very strong damping by the PPN scheme. But these wavelongths do
not deter the PPMN6 scheme, with its fur greater resolving power.  Therefore, for example, the
post-shock donsity and pressure fiolds are complotoly unmarved by this slight ervor of the PPN
computation. e zig-zags in the smoke streams show that when we incorporate into PP W] the fur
more accurate [JPIB6 aduvection scheme, we must take care that slight errors that we expect the
high frequency dissipation of PP to eliminate ave not propagated or, worse, amplified by
PPB6. It might therefore be wise to use PPN with a higher setting of its smart shock
dissipation, and at the same time to wse adaptive mesh refinement right along the shock front so
that the greater smearing of this front does not degrade the overalll solition.

n order Lo gain a beller understanding o 5 wind tunnel problem, ave inctuded below
I order to gain a botter understanding of this wind tunnel problom, I have included bol.
dequences o/ images, l‘uéen at I%e same times as f/wde :slwwn uéoue, 5/Low£ng L‘/L@ c[endil‘y

c[iél‘riéuﬁon.
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