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Abstract.

Three-dimensional numerical simulations of compressible turbulent
thermally driven convection, in both slab and spheroidal geometries, are
reviewed and analyzed in terms of velocity spectra and mixing length
theory. The same ideal gas model is used in both geometries, and resulting
flows are compared. The Piecewise-Parabolic Method (PPM), with either
thermal conductivity or photospheric boundary conditions, is used to
solve the fluid equations of motion.

Fluid motions in both geometries exhibit a Kolmogorov-like &~5/3
range in their velocity spectra. The longest wavelength modes are ener-
getically dominant in both geometries, typically leading to one convection
cell dominating the flow. In spheroidal geometry, a dipolar flow dominates
the largest scale convective motions. Downflows are intensely turbulent
and updrafts are relatively laminar in both geometries. In slab geometry,
correlations between temperature and velocity fluctuations, which lead to
the enthalpy flux, are fairly independent of depth. In spheroidal geome-
try this same correlation increases linearly with radius over the inner 70
percent by radius, in which the local pressure scale heights are a sizable
fraction of the radius. The effects from the impenetrable boundary con-
ditions in the slab geometry models are confused with the effects from
non-local convection. In spheroidal geometry non-local effects, due to co-
herent plumes, are seen as far as several pressure scale heights from the
lower boundary and are clearly distinguishable from boundary effects.
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Introduction

Many stars, including our Sun as well as red giants, are expected to have con-
vective envelopes which span many pressure scale heights, in which efficient
convective mixing is expected to produce a nearly adiabatic radial profile. Near
the bases of these convection zones the amplitude, distribution, and coherence
of turbulent convective motions is expected to determine the extent of penetra-
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tion and mixing into the stable region below. In the uppermost pressure scale
heights, the distribution of convectively driven motions affects the mean radial
profile as well as the size of granules, or even star spots, on the surface.

Here, we use well resolved 3-D numerical simulations to study the influence
of global geometry on the distribution and statistics of fluctuating fluid variables
in thermally driven compressible convection. In these systems a wide range of
length scales are directly modeled and seen to interact. We are interested in
the velocity spectrum of these convective flows as an example of fully developed
anisotropic turbulence driven by a wide range of scales. We also wish to examine
issues pertinent to variants of Mixing-Length Theory (MLT), both local and non-
local, in terms of the amplitudes and correlations of fluctuating fluid dynamic
quantities. Previous studies of thermally driven convection in slab geometry
have shown velocity spectra which possess a k—5/3 Kolmogorov-Obukhov like
range (Chan and Sofia 1989, Cattaneo et. al. 1991, Porter and Woodward
2000) and have examined a wide variety of statistical measures (Chan and Sofia
1989, Singh and Chan 1993, Chan and Sofia 1996, Kim et. al. 1996, and Porter
and Woodward 2000). Axially symmetric 2-D numerical models of radially deep
sectors have also been used to test mixing length parameters relevant to red
giant envelopes (Asida and Tuchman 1997, and Asida 2000).

We model an ideal inviscid gas in a gravitational field g with radiative
diffusivity x, nuclear heating Syy¢, and photospheric cooling Sppe0- In terms of
the independent variables of space X and time ¢, we follow the fluid variables of
mass density p, pressure P, fluid velocity u. The equations of motion are based
on conservation of mass

Dp+V - (pu) =0 (1)
momentum
3tu+u-Vu:—¥+g ) (2)
and energy
O (pE) +V - (upE) = =V - (uP — xVT) + Shuc — Sphoto > (3)

where the energy density per unit mass is £ = %uz + €+ ¢. Here, ¢ is the
gravitational potential which is related to the local acceleration due to gravity
in the usual way g = —V¢. The equation of state is that of a polytropic y-law
gas P = (v — 1)pe , where the internal energy is related to the temperature via
the specific heat at constant volume ¢ = ¢,T.

In the slab convection models, impenetrable boundaries are imposed at top
and bottom, and the thermal diffusivity x and acceleration due to gravity, g
are both constant. A constant energy flux is imposed along the lower boundary,
and a constant temperature is imposed long the top, while the heating and
cooling terms Spyc and Sppeto are zero. In the spheroidal geometry models g
is radial in direction and a function of the total mass within the local radius.
The thermal diffusivity is minimal (in some of the models the radiative flux is
negligible in the interior) and the energy flux is imposed by injection of heat, via
the Sy, near the impenetrable core. The photospheric cooling term Sy, takes
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the form oT*|Ve~"|, where 7 is an estimate of the local optical depth given by
(p/po)™. Sphoto 15 only non-zero near the surface, where 7 ~ 1. This cooling
term imposes a photospheric boundary condition, where the cooling per unit
area goes as oT*. At the radial lower boundary, a spherical impenetrable region
is imposed on the mesh. Convection in both geometries is solved on a Cartesian
mesh via the Piecewise Parabolic Method (Woodward and Colella 1984, Colella
and Woodward 1984, Woodward 1986).

2. Convection in Slab Geometry

Results from a numerical simulation of thermally driven convection in slab ge-
ometry are reviewed here in order to contrast them with results from spheroidal
geometry models. The volume simulated is 2x2x1 in aspect ratio, on a mesh
resolution of 512x512x256, and periodic in both horizontal directions. Free slip
impenetrable walls are imposed along the top and bottom boundaries. The
vertical dimension spans five pressure scale heights. Here, the focus is on sim-
ulations of efficient convection: in this model the thermal diffusivity carries 8%
of the total energy flux. Comparisons with inefficient convection, and tests of
convergence with computational mesh resolution, are reviewed in Porter and
Woodward 2000.

Fig. 1 shows temperature fluctuations relative to the horizontal mean at
each depth. Only cool fluctuations are shown, warm temperature fluctuations
are relatively laminar and are rendered transparent. Fig. 2 shows the magnitude
of vorticity in a vertical section. The strongest vorticity is found in the downflow
lanes, both near the top boundary and throughout the volume.

Peak convective Mach numbers range from 0.2 near the lower boundary to
nearly unity along the top in this model. The increase of Mach number with
height is primarily due to the decreasing sound speed with height. Velocity
fluctuations increase with height, but only slightly. The left panel in Fig. 3
shows a comparison of the rms radial (or vertical in slab geometry) velocity
fluctuations from the 3D simulation (solid line) compared with a dimensional
analysis based on the kinetic energy flux (dashed line).

2Fc est>1/3
e htidd 4
P (4)

Since 8% of the imposed total energy flux is carried by radiation in this model,
the estimated convective flux Fr s is set to be 92% of the imposed flux along
the lower boundary. Agreement between the estimated velocity fluctuations and
those from the 3D simulation are surprisingly good except near the top and
bottom, where the hard wall boundaries constrain the radial velocity to go to
Zero.

The spectrum of the radial/vertical velocity taken in a horizontal section at
Z=0.5 (mid depth), shown in the right panel of Fig. 3, possesses a Kolmogorov-
like power-law range from k/kpn = 1 to k/kpin = 16 . The spectrum of velocity
fluctuations is energetically dominated by the lowest modes, and the k—5/3 range
starts at k/kgi, = 1. The dominance of the fundamental horizontal mode is
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Figure 1.  Temperature fluctuations relative to the horizontal mean from
a simulation of slab convection. Only cool fluctuations are shown.

Figure 2.  Vortex tubes in a slice from a simulation of convection in slab
geometry.
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Figure 3.  Radial velocity fluctuations (left) and radial velocity power spec-

tra in a horizontal section (right).

also seen in the visualizations in Fig. 1 and Fig. 2 : one convection cell fills the
horizontal extent of the model in the lowest pressure scale height.

As has been been seen in simulations of isotropic homogeneous turbulence
using PPM (Porter et. al. 1994), there is a bump, or excess over the k%3 scaling
in the near dissipation range, which spans kp,.;/k = [4,16]. Given the mesh
resolution, this range of wavenumbers corresponds to spatial displacements from
4Azx to 16Az. This bump is also seen in Naiver-Stokes models of homogeneous
decaying turbulence (Sytine et. al. 1999) and is believed to correspond to a
bottleneck in the forward transfer of energy (Porter et. al. 1994, and Lohse and
Muller-Groeling 1995).

2.1. Local MLT in Slab Geometry

Radial profiles of stellar atmospheres are commonly modeled by assuming hy-
drostatic equilibrium and estimating a local temperature gradient based on the
local convective energy flux and some variant of MLT. Given the large scale
convective plumes and dominance of large wavelength modes seen in the slab
convection model discussed above, non-local effects are inevitable in relating the
velocity and temperature fluctuations to the vertical profile of the atmosphere.
However, evaluation of the correlation coefficients related to a local MLT is still
illuminating, especially when compared to those from convection in spheroidal
geometry. Surprisingly, a very simple local MLT model fits the scalings of the
data from the slab convection model quite well. Fig. 4, left panel, shows the
average logarithmic temperature gradient V = 9InT/0InP, as a function of Z,
from the model of efficient convection in slab geometry reviewed above. Given
the v = 5/3 ideal gas, an adiabatic atmosphere would have a logarithmic tem-
perature gradient of V,q = 0.4, which is shown as a dotted line in Fig. 4. There
is a subadiabatic temperature gradient in the lowest pressure scale height due to
a combination of the the impenetrable wall at the bottom and non-local effects.
The temperature gradient is superadiabatic in the upper pressure scale heights,
and becomes increasingly superadiabatic as Z increases.
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Figure 4.  Logarithmic temperature gradient (left) and components of the
energy flux (right) as functions of height in slab convection.

Fig. 4, right panel, shows the enthalpy FFg, radiative Fr, kinetic F, and
total Fp energy fluxes. The total energy flux is the sum of the other three
Fr=Fp+ Frx +Fr . (5)

A time average of these fluxes is shown here. The total flux at each depth is
seen to be nearly equal to the imposed flux along the lower boundary, which is
indicative of convective equilibrium. The enthalpy flux can be written in terms of
a mass weighted correlation of the temperature and radial velocity fluctuations

Frp=<cp pdT Ug > (6)

The kinetic energy flux is related to a similar correlation between the radial
velocity and velocity squared, which includes the independent transverse com-
ponents of velocity,

1
Fix =< 3p U2 Ugp > (7)

The radiative flux can be written directly in terms of the average temperature
gradient (weighted by the thermal diffusivity)

oT
FR:—<X8—Z> . (8)

A local MLT model for efficient convection can be formulated in terms of the
correlations implicit in the equations above. We can define two correlation
coefficients as functions of the vertical coordinate. One is related to the enthalpy
flux
. <pdT Ug >

< p><OT? >12 < SUE >1/2

The other correlation coefficient is motivated by the kinetic energy flux
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To the extent that ap and ax are constants independent of depth, imposed
total flux, or other convective parameters, we can write the enthalpy and kinetic
energy fluxes in terms of powers of the rms temperature and radial velocity
fluctuations.

Both ag and ag are shown as functions of Z in Fig. 5. Both of these correla-
tion coefficients are fairly constant for Z € (0.54,0.89) which spans about two
pressure scale heights in this model. A local MLT additionally relates the fluctu-
ations of temperature and velocity to the degree to which the local temperature
gradient is superadiabatic, and can be written in terms of two new coefficients
for the temperature fluctuations

<OT? >V2=ar AV T (11)

and the radial velocity fluctuations

< 6U% >1/2= O;—U Y=L avyee (12)
Y
where
P
c= ’y; , AV =V -V (13)
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Figure 6. Evolutionary track of a three solar mass star (X=0.726,
Y=0.254) with a schematic representation of the main sequence and solar
parameters. Dots at A, B, and C represent where the star’s thermal and me-
chanical properties match those of the models discussed here. Evolutionary
track from S. Kawaler 1998

To the extent that ar and oy are constants one has a simple relation between
the temperature gradient and the rms fluctuations of temperature and velocity.
Fig. 5 also shows a7 and ap as functions of Z. If all four alphas were constant,
then the local temperature gradient could be related to the imposed flux and
the local pressure, density, and gravity. These coefficients are nearly constant
for Z € (0.54,0.89) in this model of slab convection. These four coefficients
are found to be independent of depth and have the same values here as in
other models of convection in slab geometry with different convective energy
flux (Porter and Woodward 2000).

3. Convection in Spheroidal Geometry

Numerical models of thermally driven convection in spheroidal geometry are used
to examine the nature of turbulent efficient convection in radially deep convec-
tion zones, as are expected in red giant stars. Given the physical simplifications
adopted in this present work (i.e., ideal gas, simplified radiative transport), there
are three unitless numbers which specify the mechanical and thermal properties
of the convection zone: ratio of envelope mass M., to core mass My, ratio
of thermal relaxation time 74, to the acoustic time 74,5, and radial contrast
across the convection zone Ryq5/Rmin. Here, Ry, corresponds to the radius
of the impenetrable lower boundary used in the numerical models and, due to



limitations of mesh resolution, is a much larger fraction of star’s total radius in
these models than the lower boundary of the convection zone is in a typical red
giant star. Correspondingly, M oy is the mass inside of R,,;, and represents
a slightly larger faction of the star’s mass than does the stable region in a red
giant. These three ratios can be related to the mass and luminosity of a star on
the RGB or AGB track via evolutionary models.

Acoustic and thermal relaxation time scales can be related to the mass and
luminosity of a star via simple dimensional analysis. The thermal time can be
written as

Ey GM?
Tthrm I RL ( )
while the acoustic, or sound crossing, time is
dR -
Tdyn = / 7 ~ R3/2M 1/2 ) (15)

where Ep is the heat energy in the convective envelope of the star, L is the
luminosity, G is the universal gravitational constant, M is the total mass, R is
the radius, and ¢ is the local speed of sound. Evolutionary models (Iben 1984)
give us the scalings of radius and luminosity with mass and effective temperature

R ~ L0.68M0.32 (].6)

From these equations we get the scaling of luminosity with the ratio of the two
time scales

L ~ (Tthrm)—O.?)? (18)
Tdyn

A temperature vs. luminosity diagram, Fig. 6, with schematic representations
of where the main sequence and the Sun lie, shows a three solar mass star’s evo-
lutionary track (Kawaler 1998) and three points in its asymptotic giant branch
phase at which the mechanical and thermal parameters of the star’s convective
envelope most closely match those of the numerical models of convection dis-
cussed here. Dimensionless ratios for four simulations of convection in spheroidal
geometry are listed in Table 1.

Run 77 g5 g Hem e
A 3.0 821 4.0 90,000 10
B 3.0 1,926 4.0 9,000 10
C 3.0 4,519 4.0 900 10
D — — 0.0035 193 6

Run D is an extreme case (i.e., negligible mass in the convective envelope)
and is used here to test the robustness of the results. Runs C and D will be
discussed here (runs A and B are still in progress).
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Figure 7.  Temperature fluctuations from a simulation (run D in table I)
of convection in spheroidal geometry.

Temperature fluctuations (dark gray = hot, light gray = cool) relative to

the mean temperature for a given pressure are shown in a melon slice from run
D in Fig 7. The predominance of cool fluctuations on the upper right suggests
a dipole mode, which is also seen in the radial velocity (dark gray = downflow,
light gray = upflow) in a thin section shown in Fig. 8.
We quantify the amplitude of the velocity fluctuations at a given radius by
sampling the radial velocity on a sphere, Fig. 9, and extracting the amplitudes
of the spherical harmonic modes. The spherical harmonic power spectrum of
the radial velocity

Ef = | Unl (19)

m

where
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Figure 8. Radial velocity from run D (see table I) of convection in
spheroidal geometry.
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Figure 9. Radial velocity sampled on a sphere at R = 0.5R,, from a
simulation (D see table I) of convection in spheroidal geometry.

UR = Zﬁlm Y2m ) (20)

Im

gives the energy at wave number

10+1)
R

The radial velocity spectra from run D are shown for velocities sampled on
spheres at three radii (20%, 40%, and 80% of Rj..;) in Fig. 10. Note that the
dipole mode (I = 1) has the largest amplitude at all three radii. Just as with
the slab convection simulations, the fundamental mode dominates the flow both
in terms of an energy spectrum as well as the structures in configuration space
seen in the visualizations. There is also, similar to slab convection simulations,
a Kolmogorov-like range at radii equal to 20% and 40% of R,,q., where the
velocity spectra scale as k~5/3. Just as in slab convection, the high wavenumber
end of this k75/3 range can be understood in terms of the near dissipation range
energy enhancement where, at wavelengths A\ < 32Az, there is excess of energy
over what would be expected from the £~%/% scaling. In slab geometry, the
spectrum of convective motions was found to be damped for wavelengths larger
than twice the depth below the upper boundary (Porter and Woodward 2000).
A similar rule seems to apply here. Between these two limits, shown as vertical
lines in each of the three panels of Fig. 10, the velocity spectra are seen to scale
in a Kolmogorov-like manner.

Run D is an extreme case of negligible mass in the convective envelope
compared with that in the core. Run C is much more typical of a red giant star.
The velocity spectra, shown in the left panel of Fig. 11 are from run C and are
very similar to those of run D. The three sets of velocity spectra shown in Fig. 11
are from numerical models differing only in mesh resolution, all three share the
mechanical properties of run C. The three mesh resolutions are 100, 200, and
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Figure 10.  Radial velocity spectra taken at three radii in run D.
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Figure 11.  Velocity spectra (left panel) and compensated velocity spectra
(right panel) taken at R = 0.5R4, from simulations run on three numerical
meshes, all simulations are run with run C parameters.

400 mesh cells across the diameter of the convection zone. In order of increasing
mesh resolution these three runs are indicated by 3, 4, and 5 pointed stars.
Note the agreement between the two highest resolutions for the l =1 and [ =2
modes. The right panel of Fig. 11 shows compensated velocity spectra, from
the same three simulations, which have been shifted to match their dissipation
ranges. Indirect effects of the dissipation range are seen even in the [ = 1 mode
of the lowest resolution run here.

3.1. Radial Profiles in Spheroidal Geometry

Given hydrostatic equilibrium, the radial profiles of thermodynamic quantities
depend on the temperature gradient. The temperature gradient is often given
in terms of d In T/d In P. The radial profiles of d In T/d In P (solid line) and
entropy (dashed line) for the three solar mass high luminosity case (run C) are
shown in the left panel of Fig. 12. Vertical ticks represent pressure scale heights.
Superadiabatic temperature gradients are seen for R > 1.5, while subadiabatic
temperature gradients are seen for R < 1.2 .

The total luminosity is carried primarily by the convective flux (sum of
enthalpy Lp and kinetic L) in most of the convection zone of run C. These
luminosities, shown in the right panel of Fig. 12, are scaled to the imposed
luminosity. The convective flux is seen to be nearly constant, and equal to the
imposed luminosity, from R=0.6 to R=2.8, indicative of convective equilibrium.
As has been seen in slab convection, the kinetic flux is negative, and tends to
increase in magnitude with depth.

The RMS radial velocity fluctuations (solid line in the left panel of Fig 13)
are seen to decrease with depth, similar to slab convection, for R > 2.3 . In both
slab geometry and the outer radii of spheroidal geometry the velocity fluctuations
are expected to decrease with depth because the total mass and heat capacity
available to carry the convective flux increases with depth. However,the total
mass in a radial interval depends not only on the mass density but also on
the area, which decreases as the square of the radius in spheroidal geometry.
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enthalpy luminosity, and their sum (right), as functions of radius, from run

Figure 13.  RMS Velocity fluctuations (left) and RMS temperature fluctu-
ations (right), as functions of radius, from run C.
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Figure 14.  Enthalpy and kinetic flux correlation coefficients (left), velocity
(middle) and temperature fluctuation (right) coefficients for convection in
spheroidal geometry (run C).

A scaling argument relating a given luminosity to the amplitude of velocity
fluctuations needs to take this area factor into account

—p. - = 29
AT R? ¢ = 3rUk (22)

Here, for R < 2, velocity fluctuations increase with depth even faster than the
area factor would predict. This added increase in velocity fluctuations with
depth is a side effect of the coherent dipolar flow for R < 2.3 in this simulation.

RMS temperature fluctuations (shown in the right panel of Fig 13) also

decrease with depth for R > 2.3, as in slab geometry, but increase with depth
for R < 2.1

3.2. Local MLT in Spheroidal Geometry

We can define the same correlation functions for convection in spheroidal ge-

ometry as we did in slab geometry with the difference that the fluxes must be
scaled by the surface area at each radius.

Lo=Lg+Lg , L;=4nR’F; (23)

Fg =<cp p 0T Ug >=ag < p >< 0T? >'/? < U3 >1/? (24)
1

Fig =< 5p U? U >= O‘TK <p> <UL >3? (25)

The correlation coefficients o and a g are shown as functions of radius in
the left panel of Fig. 14. Unlike slab convection, the correlation coefficient of the
velocity and temperature fluctuations, ag, (solid line) is seen to scale almost
linearly with the radius for R < 2.3 The correlation for the kinetic energy
flux, ax (dashed line), also scales nearly linearly with radius over the same
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range of radii. The dipolar flow, seen in visualizations (Fig. 8) and measured
in velocity spectra (Fig. 10 and Fig. 11), produces nearly uniform flow past the
central core. The resulting near even symmetry of the temperature and kinetic
energy fields coupled with the near odd symmetry of the radial velocity field
leads to cancelation of a large part of both the enthalpy and kinetic energy
fluxes. Apparently, the fractional cancelation becomes increasingly perfect as
the center is approached. Of course, the net radial enthalpy and kinetic fluxs
still integrate to the imposed luminosity (see Fig. 12). Further, near the center
in a dipolar flow, fluid elements do not change direction in going from being part
of a downflow to being part of an upflow as they pass the center. Hence, fluid
elements need not break their momentum, as they would in slab geometry, and
the same driving energy flux leads to larger velocity and temperature fluctuations
than in slab geometry.

In relating velocity and temperature fluctuations to the temperature gra-
dient we find that a much better fit is achieved if the adiabatic temperature
gradient V.4 is adjusted by a factor of f = 0.98 (solid lines in the middle and
right panels of Fig. 14 according to

<ovp > = W 77_1 (A;V)72 ¢ (26)
<OT? >Y2 = ap (A;V) T (27)

where
AV =V — [V (28)

Fig. 14, middle and right panels, show oy and ar for f ranging from 0.96
to 1.00 . Both alphas dramatically increase with depth for the unmodified value
of Vg4, corresponding to f = 1. This leads to a subadiabatic temperature
gradient within the convection zone, which has also been seen in models of con-
vection in slab geometry (Sofia and Chan 1989, Cattaneo et. al. 1991, and
Porter and Woodward 2000). Indeed, Sofia and Chan (1989) observed that the
same adjustment factor (f = 0.98) worked best for the fit of the rms tempera-
ture fluctuations to the AV factor. In all three simulations of slab convection,
the subadiabatic region is geometrically in the lower half of the box, which is
spanned by the lowest pressure scale height. Hence it was unclear whether the
modification of V,4 needed for the local MLT fit was due to the impenetrable
lower boundary condition or due to non-local effects. Unlike convection in slab
geometry, however, in this model of spheroidal geometry the convection zone
spans seven pressure scale heights, the subadiabatic temperature gradient spans
two pressure scale heights and is at least one pressure scale height away from
the impenetrable boundary at R,,;,. Non-local effects of coherent convective
structures are evident in the statistics of spheroidal convection presented here.

4. Non-Local Convection

Convective motions can exist in a subadiabatic region, and even be buoyantly
driven, because coherent convective motions span many pressure scale heights.
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Figure 16.  Entropy vs. radial velocity scatter plots for 5 radii from run C.

In both slab and spheroidal geometries, visualizations clearly show cool down-
flow plumes, as well as warm updrafts, spanning the entire vertical extent of the
convection zone. These convective structures do not totally mix with the sur-
rounding gas even after moving through several pressure scale heights. Further,
the simulations described here are of efficient convection, so thermal diffusivity
does not cause elements of gas to loose their thermal/buoyant identity before
they move very far.

The temperature gradient and entropy profiles from run C are shown in
Fig. 15. The horizontal dotted line indicates the adiabatic value of dinT'/dinP
for this v = 1.6 atmosphere. Assuming no mixing, no shocks, and no thermal
diffusivity, an element of gas will retain its entropy. If such an element starts out
neutrally buoyant, and the temperature gradient is subadiabatic over the entire
course of the element’s downward motion (upper arrow in Fig. 15), then the
element will end up with a larger entropy than its surroundings and will be pos-
itively buoyant. However, if a similar element, starting with neutral buoyancy,
moves into a subadiabatic region after traversing an extended superadiabatic
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range of depths, then it may still be very negatively buoyant (lower arrow in
Fig. 15).

Scatter plots of radial velocity vs. entropy taken at five radii, shown in
Fig. 16, illustrate that something like the latter description is indeed going on
in these simulations. The five radii are indicated by the vertical dotted lines
in Fig. 15. Even at R=0.8 (the most subadiabatic region) entropy and radial
velocity are positively correlated, indicative of buoyancy driving as well as a
positive enthalpy flux (see also the enthalpy luminosity in Fig. 12). Comparison
with the scatter plots at the other 4 radii (all plotted on the same entropy scale)
show that there is plenty of room for a downflowing element of gas which starts
at R = 2.5 to increase its entropy (mainly due to mixing in this example) and
still be negatively buoyant by the time it reaches R = 0.8.

5. Conclusions

The simulations of efficient thermally driven convection discussed in this paper
exhibit turbulent flows which are dominated by the fundamental (i.e. longest
wavelength) modes. For convection in slab geometry, with 2x2x1 aspect ratio
this leads to one convection cell filling the lowest pressure scale height across
the horizontal span of the box. Hence, the periodic boundary conditions in
those simulations had a significant effect on the largest scale of the flow. In
spheroidal geometry a dipolar flow spans most of the convection zone. The fluid
turbulence in these simulations spans a wide range of interacting scales. The
velocity spectrum of the flows in both geometries has Kolmogorov-like k—°/3
scaling.

The efficient convection in these simulations establishes a nearly adiabatic
radial profile. Both geometries generate a subadiabatic region which, in spheroidal
geometry models, is clearly identifiable with non-local effects. In slab geometry,
well away from the vertical impenetrable boundaries, scaling of the vertical en-
ergy fluxes with the temperature and velocity fluctuations are consistent with
simple local MLT. By contrast, in spheroidal geometry the correlation coeffi-
cients of the temperature and velocity fluctuations scale nearly linearly with the
radius.

These simulations of convection in spheroidal geometry are the first in a
series of studies which seeks to investigate the nature of convection in deep con-
vective envelopes such as those found in red giant stars. The highly idealized mi-
crophysics used in the spheroidal simulations here (i.e., ideal gas laws, constant
or negligible thermal diffusivity, and a simple cooling law for the photosphere)
was chosen to simplify the interpretation in this preliminary work, and to allow
direct comparisons with previous simulations done in slab geometry. Variable
equation of state and variable thermal diffusivity have already been implemented
and tested in the PPM hydrodynamics code. Table look-ups for astrophysically
relevant microphysics along with an improved photospheric boundary condition
are currently being implemented and tested. With these improvements, 3D tur-
bulent numerical models of convection in spheroidal geometry should be able to
address issues such as the role convection plays in driving and damping radial
pulsations, as well as the distribution of temperature and velocity variations
near the surface, in radially deep convective envelopes. Comparisons could then
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be made with observation of light curves, line broadening, and the possible ex-
istence of star spots in red giant stars.
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